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Abstract 

We study a class of 4D J\f = 1 supersymmetric GUT- type models in the 
framework of the Beasley-Heckman-Vafa theory. We first review general results 
on MSSM and supersymmetric GUT; and we describe useful tools on 4D quiver 
gauge theories in F- theory set up. Then we study the effective supersymmetric 
gauge theory in the 7-brane wrapping 4-cycles in F-theory on local elliptic CY4s 
based on a complex tetrahedral surface T and its blown ups 7^. The complex 2d 
geometries T and Tn are non planar projective surfaces that extend the projective 
plane and the del Pezzos. Using the power of toric geometry encoding the toric 
data of the base of the local CY4, we build a class of 4^ M = 1 non minimal GUT- 
type models based on T and 7^. An explicit construction is given for the SU(5) 
GUT-type model. 

Key Words: MSSM, GUT, BHV model, tetrahedron, Intersecting Branes. 

1 Introduction 

In the last few years an increasing interest has been given to linking superstring theory to 
the low energy elementary particle physics phenomenology Several attempts have 

been particulary focusing on type II superstrings and M- theory to engineer extensions of 
the Minimal Supersymmetric Standard Model (MSSM) of elementary particles at TeV- 
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scale [5]- [12]. This interest in physics beyond standard model is also motivated by the 
Large Hadron Collider (LHC) event whose ATLAS and CMS detectors are expected to 
capture new signals beyond the theory of electroweak interactions [13]- [16]. Recall that 
the energy magnitude used in the LHC and the power of the grid computing constitute 
the beginning of a new era for testing several ideas and proposals such as supersym- 
metry and extra dimensions [I7]-[20]. The access to the TeV energy band will allow to 
check early phenomenological prototypes beyond the SUc (3) x SUl (2) x Uy (1) Stan- 
dard Model such as the SUc (4) x SUl (2) x SUr (2) Pati-Salam model treating quarks 
and leptons on equal footing [221 123] and the SU^ (3) tri- unification [SI [25l [26] . The 
TeV band allows as well to shed more light on grand unified theory (GUT) proposals; 
especially those based on gauge symmetry groups like SU (5), flipped SU (5), SO (10) 
and Ee GUT models [271 EH EHl [30] . 

Recently a model has been proposed to linking quantum physics at TeV energies to 
twelve dimensional F- theory compactified on a local Calabi-Yau four- folds in the limit 
of decoupled supergravity [32]. In this proposal, to which we shall refer to as the BHV 
theory, and which has been further developed in a series of seminal papers [33l [Ml [351 [M] , 
the visible JV = 1 supersymmetric local GUT models in the 4D space time is given by 
an effective non abelian gauge theory living on a seven brane wrapping 4- cycles in F- 
theory on local elliptically K3 fibered Calabi-Yau four- folds X4, 

Y ^ Xi 

iTTs (1.1) 

S 

where, to fix the ideas, the base surface S is thought of as the del Pezzo complex base 
surface dPg. Together with the nature of the singularity in the fiber Y (type A, type D 
or type E) which engineer the gauge invariance that we see in the 4D space time, the del 
Pezzo surface dPg and its dPn sisters with n > 5 are used to engineer chiral matter and 
Yukawa couplings of the 4D space time standard model and beyond. Notice that besides 
A/" = 1 supersymmetry in 4D space time, the dPn base surfaces play as well a central 
role in the BHV theory due to their special features; in particular the two following: 

(1) the dPnS are in some sense artificial surfaces engineered by performing blow ups of 
the complex projective plane at n isolated points (n < 8) [371 [311 [39] • In addition to 
the hyperline class H of projective plane P^, the blow ups are generated by n exceptional 
curves Ei, which altogether with H, generate the {1 + n) dimensional homology group 
H2 {dPn, Z) of real 2- cycles in the complex dPn surfaces. 

(2) the dPnS are also remarkably linked to the "exceptional" E„ Lie algebras [321 [371 [39] 
which are known to exist in the non perturbative regime of type IIB superstrings realized 
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as F-theory. The real 2- cycle homology group H2 {dPn, decomposes as the direct sum, 

H2{dPn,Z)=Q^(BCn, (1.2) 

with fin being the anticanonical class of dPn and the orthogonal class is a n dimen- 
sional sublattice that is isomorphic to the root space of the exceptional Lie algebras E„. 
These two properties make the dPnS very special complex surfaces which allow an explicit 
geometric engineering of: 

(a) chiral matter localizing on complex curves Sj at the intersections of seven branes 
wrapping dPn, 

(b) the MSSM and GUT tri-fields Yukawa couplings localizing at isolated points in the 
del Pezzo surface dPn with n > 5 where matter curves intersect and where the bulk 
gauge invariance gets enhanced [32] . 

The aim of this paper is to contribute to the efforts for the study of embedding the 
MSSM and A/" = 1 supersymmetric GUT models in F-theory compactification on local 
Calabi-Yau four- folds (CY4). More precisely, we focus on 4D Af = I supersymmetric 
GUT- type models along the line of the BHV theory; but by considering a seven brane 
wrapping 4-cycles in F-theory local CY4- folds based on a tetrahedral surface T of the 
figure ([1]) and its toric blown ups Tn- Using these backgrounds, we first engineer unreal- 
istic M = 1 supersymmetric GUT- type models based on the tetrahedron T. Then we 
consider extensions based on a particular class of blow ups of the tetrahedron namely the 
sub-family T^*"^*'^ of toric blow ups of T . These extensions, which involve exotic matter, 
constitute a step towards engineering non minimal quasi-realistic 4D M = 1 supersym- 
metric GUT on T and 7^. To fix the ideas, we shall mainly focus on the engineering of 
supersymmetric SU (5) GUT- type models based on T and 7^; but the method works 
as well for the other GUT gauge groups. 




Figure 1: Toric graph of the tetrahedral surface T = U'^^iSa with Sar{Sb= T,ab- The toric 
fibration of T degenerate once on the six edges T^ab and twice at the vertices Pabc= Sa^lSbClSc- 
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Before proceeding it is interesting to say few words about the motivations behind our 
interest into the tetrahedral surface T and its blown ups 7^ as a base surface of the 
local CY4-folds. Besides the fact of being a particular non planar complex surface, our 
interest into the tetrahedron and the cousin geometries has been motivated by the two 
following features: 

(i) the complex tetrahedral surface T , viewed as a toric surface, has a natural toric 
fibration given by a 2- torus fibered over a real two dimension base B2, 

T2 ^ T 

i (1-3) 
B2 

The complex surface T is nicely represented by a toric graph A7- which is precisely the 
usual real tetrahedron given by the figure ([1]). The polytope Aq- encodes the toric data 
on the shrinking cycles of the toric fibration (11.31) . 

(ii) the toric geometry of the tetrahedral surface T has a set of remarkable properties 
that have an interpretation in F- theory GUT models building. Below, we describe three 
of these features: 

(a) the 2-torus fibration (11.31) has an inherent U (1) x U (1) gauge symmetry which may 
be interpreted in F-theory compactifications in terms of abelian gauge symmetries. Each 
f/ (1) factor describes gauge translation along compact 1-cycles in T^. 
(/3) the fiber has two shrinking properties: first down to 1- cycles on the six edges of 
the tetrahedron and second down to 0-cycles at its four vertices. 

These properties capture in a remarkable way the enhancement of gauge symmetry used 

in the engineering of the F-theory GUT-models a la BHV. 

Notice moreover that the non planar tetrahedral surface T involves: 

• four intersecting planar faces Sa, a = 1,2, 3, 4, with different 2- torus fibers T^, 

• six intersecting edges T,ab = SaH Si, having different 1- cycle fibers S^^, 

• four vertices Pate given by the curves intersection T^ab H S^c H Sea- At these special 
points, the 2- torus fiber e( |1.3l) shrinks to zero. 

From the view of the F-theory- GUT models building, the faces Sa of the tetrahedron 
correspond roughly to 4- cycles wrapped by seven branes. These faces intersect mutually 
along six edges T^ab on which the fibers and shrink down to S^j,. Along these curves 
seven branes intersect and give rise to bi-fundamental matter. Moreover, three faces Sa, 
Sb and Sc intersect at a point Pabc corresponding to a vertex of the figure ([I]). From this 
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picture, it follows that the vertices of the tetrahedron are good candidates to host the 
tri- fields Yukawa couplings such as those of the 4D supers jmametric SU(5)- GUT model 
namely, 

HuQioQio 5h® 10m® 10m -> Pi , 

NrHuQ-5 1m®5h®5m ^ P3 , (1-4) 

HdQr>Qw ^H® 5m ® 10m ^ Pi ■ 



In these relations, bu refers to Higgs fields and 5m, 10a/ to matter. The vertex Pi stands 
for P(234) and similarly for the others. 

(7) The third feature behind the study of this local Calabi-Yau four- folds geometry 
is that the tetrahedral surface T shares also some basic properties with the del Pezzo 
surfaces dPn used in the BHV theory. The point is that each one of the four faces Sa of 
the tetrahedron is in one to one with the four projective plane in the complex three 
dimension projective space P^, 

^„ ^ P2 , a=l,...,4 . (1.5) 

On each of these P^s, one may a priori perform blow ups leading to a 7^ family of 
blown tetrahedrons. The number of blow ups of the tetrahedron are obviously richer 
than the ones encountered in the del Pezzo surfaces since the tetrahedron involves four 
kinds of projective planes; for more details see ^01 1^ . From this view blown ups of 
the tetrahedral surface may be thought of as given by intersections of del Pezzo surfaces 
and thereby F-theory GUT models based on blown ups tetrahedron could incorporate 
the BHV ones based on del Pezzo surfaces. 

The presentation of this paper is as follows: In section 2, we review briefly the main lines 
of MSSM and supersymmetric GUT models in space time. Comments using quiver 
gauge theory ideas and intersecting brane realizations are also given. In section 3, we 
review general results on F-theory and we study the engineering of the non abelian gauge 
symmetries in the frame work of F- theory on local CY4- folds. An heuristic classification 
of pure and hybrid colliding singularities in CY4s is also made. In section 4, we first 
review A/" = 1 supergravity theory coupled to super Yang-Mills. Then, we focus on 
the gauge theory in the seven branes wrapping 4- cycles and study the engineering of 
the effective J\f = 1 supersymmetric gauge theory in 4D obtained by using topological 
twisted ideas. In section 5, we study the engineering of F-theory GUT- model along the 
line of the BHV approach. We take this opportunity to give a brane realization of SU(5) 
GUT model by using five stacks of intersecting seven branes. In section 6, we study F- 
theory on local CY4- folds based on the complex tetrahedral surface T and its 7^ blown 
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ups and we develop a first class of F- theory GUT- type models based on the T. In 
section 7, we build a second class of F- theory GUT- type models based on 7^ blown 
ups and fractional bundle ideas. In section 8, we give our conclusion and in section 9, 
we give an appendix on the engineering of bi- fundamental matter in F- theory GUT- 
models building. 

2 General on MSSM and GUT 

In this section we review briefly some useful tools on the MSSM and the 4D A/" = 1 
Supersymmetric Grand Unified Theories {SGUT) as well as general links to superstrings. 
These tools are helpful to fix the ideas on: (1) how fundamental matter and gauge 
particles get unified into group representations method and (2) how the geometric tri- 
fields Yukawa couplings (11. 4p are handled in the 4D Af = 1 superfield theory set up. 
These materials are also needed for later use when we consider the embedding SGUT- 
type models into the effective non abelian twisted gauge theory [32] on the seven brane 
wrapping 4-cycles in the twelve dimensional F-theory on local Calabi-Yau four- folds. 

2.1 MSSM 

We start by recalling some general aspects on Standard Model of electroweak interactions. 
The basic elements in this model follows: 

(a) the elementary particles namely: quarks, leptons, gauge bosons and Higgs particles, 

(b) the SUc (3) x SUl (2) x Uy (1) gauge symmetry to be denoted as Gstr, 

(c) the Gstr representations unifying the particles into gauge group multiplets. 

In the Cartan basis, the Lie algebra of the Standard Model group Gstr is generated by 
the following matrices. 



SUc (3) 


SUl (2) 


Uy{l) 


Cartan operators 


TTl Tt2 


rrO 




step operators 


sw(3) 







(2.1) 



where Hl^^^y H^^^^y -^1(2)' commuting Cartan generators and -E^(2), -^^"3) are 

step operators with a being a generic positive root of the SUc (3) root system ^su{S)- 
The fundamental particles of the Standard Model are of two kinds: 
(i) Elementary fermions forming three hierarchical families F{e), F{fi) and F{t); each 
one containing quarks and leptons in different representations of the Gstr group. For the 
family F[e) of the electron e~ = e, the sixteen left- handed fermions are packaged into 
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smaller representations Rguds) ^ Rsul{2) Ruy{i) '^^ the Ggtr gauge symmetry as given 
below, 



Quarks 


Leptons 







(2.2) 



Using the conventional notation {n,m)y with m — dimi?5y^(3), n — dimi?sy^(2) and y 
being the eigenvalue of the hypercharge charge Ry, the group theoretical description of 
the F{e) family is as follows: 

q d^ I 



(3,2)i (3,1)^ (3,1). (1,2)_, (l,l)o (1,1)2 



The usual Uem (1) electric charge operator is given by Qu^mii) = ^sul{2) + 
Later on (see section 5 ), we find as well that these matter fields and their group theoret- 
ical configurations get a nice geometric interpretation in the framework of F-theory on 
Calabi-Yau four- folds and intersecting seven branes wrapping 4- cycles and filling the 
non compact space time directions. 

For completeness, notice that implementation of the two other generations of flavors Fj 
with. 



family 



Quarks 



Fs ^F{t) 



Leptons 



(2.4) 



T 



is achieved by help of inserting a flavor index i running as i = 1, 2, 3 with Fi =F{e). As 
such, the full set of 5 x elementary fermionic flelds will be denoted as qi, u'l, d'l, li, vl 
and el- 

In the MSSM, the F^ famihes get promoted to super- families Ti where the above 3x16 
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elementary fermionic fields are now promoted to 3x16 chiral superfields 

Q„ f/f, D^, L„ N^, El (2.5) 

with same gauge quantum numbers as in the non supersymmetric case. 
Below we denote collectively these chiral superfields by \E' (y, 9) living on the chiral super- 
space (y, 9) with 4D space time coordinates shifted y^ = x'^ — i9a^9 and Grassmann 
odd variable given by a SO (1, 3) Weyl spinor. Since 9 is nilpotent [9^ = 0), the \E' (y, 9) 
admits then the following finite 9- expansion 

v[/ (y, 9) = ~^ (y) + v^r^„ (y) + 9'F (x) , (2.6) 

where the left handed fermion ip^ is one of the fields in eq fl2.3l) . the corresponding 
sparticle and F the usual auxiliary field which, amongst others, plays a central role in the 
study of supersymmetry breaking and in the geometric interpretation of supersymmetric 
quiver gauge theories embedded in type II superstrings. 

(ii) Bosons are of two types namely Higgs scalars and vector particles. In the MSSM, 
we need two space time Higgs scalars hu = {h~^,h^) and /i^ = {hP ,h~^ together with 
their superpartners. These fields form chiral multiplet denoted by Hu and Hd with 9- 
expansion as in eqf l2.6p . Regarding the vector particles, we have in addition to the twelve 
space time 4- vector potentials 

^..(3) ^-(2) ^ ^0) j^Y^B^ (2.7) 

the gaugino partners described by four dimensional space time Majorana spinors. 
In 4D M = 1 superspace, the Higgs sector is described by two doublets of chiral Higgs 
superfield, 



Higgs 


Gstr group 






(l,2)+i 


Hu = 








(l,2)„i 




;»"■) 



(2.8) 



These chiral superfields are needed to break the Ggtr gauge symmetry down to SUc (3) 
X Uem (!)• The gauge fields involve in addition to the space time gauge bosons 

^sui3) ^ ^su(2) ^ X_B^, (2.9) 

the gauginos 

Y ~ 

Asu(3) © As„(2) © (2.10) 
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These 4D space time fields are combined altogether in AD J\f —1 real superspace (x, 9, 9) 
to form real 4D superfield 

= K.(3) ® ® , (2.11) 

valued in the Lie algebra suc (3) ® sul (2) ©My (1). The real superfields ^^^^(3^, y^^^2) 

Vy mediate the gauge interactions with superspace dynamics described by the following 

lagrangian density 



■'MSSM 

supcrficlds 

+ I d^e{ ,^^TrW' + -^TrW^ + -^W^ ) + he 
+ J (few + j d^eW, (2.12) 

where W is the chiral superpotential. This is a gauge invariant superfunction depending 
on the matter chiral superfields and describing mass terms and Yukawa tri-couplings as 
shown below, 
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+ ^ ^L.E'^^Ha + Y^iN^^u (2.13) 

i,j=l i,j=l 
3 , ij 3 .ij 

i,j=l i,j=l 

where the numbers // and m'-' scale as mass and where the dimensionless complex numbers 
Ag', , X^^ and Xj are complex Yukawa couplings. 

2.2 Beyond MSSM 

In the MSSM, quarks and leptons, together with their superpartners, belong to several 
irreducible representations of the Gstr gauge symmetry involving three gauge coupling 
constants gsucis)^ 9sul{2) and gy- A true unification model requires however packaging 
all the fundamental particles in a unique irreducible representation of a simple gauge 
symmetry group. This is the basic idea behind grand unified theories (GUT) of strong 
and electrowcak interactions using the real 24 dimensional unitary SU (5), the 45 dimen- 
sional orthogonal SO (10) and the 78 dimensional exceptional Eq. As a first step towards 
this goal, we distinguish below two main ways in getting the GUT gauge groups, either 
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by using physical imagination a la Pati-Salam; or by using group theoretical methods a 
la Georgi-Glashow by looking for the smallest simple gauge group containing Ggtr as a 
maximal gauge subgroup, let us describe briefly these two ways. 



2.2.1 Pati-Salam model and SO (10) GUT 

In the Pati-Salam model, the gauge symmetry is given by SU c (4) x SU l (2) x SU r (2). 
There, the quarks and leptons supermultiplets of each one of the three super-families jFj 
are packaged in two irreducible representations Q and of this group. The basic idea 
behind this packaging is to think about the lepton number as the fourth color so that the 
previous SUc (3) color gauge symmetry gets promoted to a SU c (4) gauge invariance. 
In this way, the quarks and the leptons of the standard model family (12. 2p are now put 
into two SU c (4) quartets as follows. 



quarks and leptons 


SUc {A)xSULi2)xSUR{2) 


Q = {q.l) 


(4,2,1) 




(4,1,2) 



(2.14) 



with q and / as in eqs fl2.2l) and 

g'^ = (m'^, c/^) , r=(i/'=,e^) . (2.15) 

The baryon number B minus the lepton number L and the electric charge operator Qem 
act on the representation 4 of SU (4) as follows, 

B-L = I dm^ (1,1, 1,-3) , Tri{B-L) = , 

(2.16) 

Qem = -^sn£(2) + ^^sur{2) + ^ 2 ^ ' Tr4^{Qem) = 

Regarding bosons, we have a quite similar picture. Besides the gauge particles trans- 
forming in the adjoint of the gauge symmetry, the two Higgs doublets H„ and of 
eq fl2.8p are also combined into one irreducible quartet Higgs multiplet 

n = {H^,H,), (2.17) 

transforming under the SUc (4) x SUl (2) x SUr (2) Pati-Salam group like (1, 2, 2) and 
so allowing the following unique gauge invariant trilinear Yukawa coupling term 



^Yukawa = \dh J d'^O Q^HQ + hc, (2.18) 



where Xgdh is the Yukawa couphng constant. Notice that Pati Salam group SUc (4) x 
SUl (2) X SUr (2) which is homomorphic to SO (6) x SO (4) is not a grand unified gauge 
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symmetry as it still involves three gauge coupling constants gsuc{4:)^ 9sUl{2) 9sUr(2)- 
However, this gauge symmetry can be embedded into the simple 5*0 (10) group. In this 
larger simple group, the reducible 16 dimensional matter representation (4, 2, 1) © (4, 1, 2) 
of the Pati-Salam group gets interpreted as the left handed SO (10) spinor representation 



50(10) ^ 50 (6) X 50 (4) 
16+ ^ (4,2,1)0(4,1,2) 



5f/c(3) x5t/(2) x[/y (1) 
(3,2)i ©(3,1)_4 ©(3,1)2 © 
(1,2)!, ©(1,1)0 ©(1,1)/ 



(2.19) 



In this embedding, we have a lepton-quark unification as well as a gauge coupling unifi- 
cation. This feature makes the SO (10) gauge symmetry as one of the most attractant 
GUT models for gauge unification of strong and electroweak interactions. 

2.2.2 Georgi Glashow model 

In the Georgi- Glashow model based on group theory analysis, the GUT symmetry is 
given by the simple rank four unitary group SU (5). There, the leptons and quarks of 
each sixteen dimensional family of the standard model are packaged into three SU (5) 
irreducible representations: the singlet, the anti- fundamental 5 and the antisymmetric 
10 = [5 © 5]^ representations. This property follows from the decomposition 



50(10) 
16m 



5f/(5) 

1m © 5m © 10m 



(2.20) 



where the sub-index M refers for matter. To get more insight in the field content of these 
elementary particles unification, we recall that the singlet stands for the anti- neutrino, 
1m ~ i^*^ while the 5m and 10m correspond to 



Hi 



( dl 


\ 




/ 







-U2 


u' 


d^ 


\ 










-ul 





ul 


u" 


d^ 




dl 




, 10m ~ 




U2 


—u\ 





U^ 


d^ 




e 





















\ ^ 


I 




V 


-d^ 


-d^ 









/ 



(2.21) 



Similar representations are valid for the two other families and their supersymmetric 
extensions. Later on, we will see that, along with this group theoretic representation, 
these matter fields have a nice geometric representation in terms of Riemann surfaces 
S (complex curves) inside the internal space used in the F- theory compactification on 
real eight dimensional Calabi-Yau four- folds; for illustration, think about this feature 
as "corresponding" to the matter localized on the edges of the figure ([1]), 



^(5) 
^M 



10 



M 



^(10) 
"M 



(2.22) 
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Notice moreover that altogether with these chiral matter representations, which are pro- 
moted to chiral superfield in SU (5) SGUT model, we have moreover: 

(1) two Higgs multiplets H„ and transforming respectively in the 5^ and 5h repre- 
sentations, 

(2) twenty four 4D M = 1 gauge multiplets V"" transforming the adjoint representation 
of the SU(5) gauge symmetry. 

Furthermore, the SU (5) gauge invariant chiral superpotential W between two matter 
superfields and one Higgs superfield has the following structure, 

Wvukawa = + f (5h ® 10m ® IOm) + f (5^ ® 5m ® 10m) 

(2.23) 

+ f (5// ® 5m ® 1m) + /i (5h ® 5//) 

where /z is a mass constant and the Aj 's are Yukawa coupling constants. This chiral 
superpotential involves three kinds of chiral superfield vertices as depicted in the figure 




Figure 2: Yukawa couplings in supersymmetric SU(5) GUT model: three kind of chiral 
superfield tri- vertices namely 5 x 10 x 10, 5 x 5 x 10 and 5 x 5 x 1. Tri-coupling involving 
Higgs superfield in the 24 adjoint, which is also allowed, is not reported. 

2.3 MSSM as a quiver gauge theory 

In the MSSM with SUc (3) x SUl (2) x f/y (1) gauge invariance, the matter fields are 
generally charged under representations of the groups factors; that is under SUc{S), 
SUl (2) and Uy (1). This property suggests that MSSM might be thought of as quiver 
gauge theory that can be embedded in superstrings compactifications. Recall that 4D 
J\f = 1 supersymmetric quiver gauge theories have been subject to an intensive interest 
during last decade [42]- [45]. These theories, which may be engineered in different, but 
dual, ways appear as low energy effective field theory of lOD superstrings on CY3- 
folds, IID M- theory compactification on G2 manifolds and 12D F -theory on CY4-folds 
preserving four supersymmetries [l6]-|49j. 

In this subsection, we explore rapidly what kind of quiver diagram one gets in the 
engineering of MSSM as a supersymmetric quiver gauge theory. 
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2.3.1 Engineering the MSQSM 

One of the main actors in the Minimal Supersymmetric Quiver Standard Model {MSQSM) 
is that supersymmetric chiral matter in the three jFj families of elementary particles 
transform in specific representations of the SUc (3) x SUl (2) x Uy (1) gauge symme- 
try. These representations are mainly given by: 

(1) the hermitian adjoint representation of each factor of the MSSM gauge symmetry 
where transform the twelve MSSM gauge superfields VJ/^^jv/; that is: 

Vl,ssM - (8,l)o©(l,3)o©(l,l)o . (2.24) 

These hermitian representations have a nice interpretation in terms of massless excita- 
tions of open superstrings ending on stacks of D-branes of lOD closed type II superstrings. 
In this regards, it is interesting to note that in the D- brane setting, a stack of coinci- 
dent D- branes of type II superstings involves U (N) = U (1) x SU (N) gauge invariance 
in 4D space time [H E]. As such the gauge symmetry in the MSQSM is, instead of Gstr, 
is rather given by, 

f/,(3) X f/b(2) X (2.25) 
involving two extra undesired U (1) gauge factors namely 

Uail) = Uai3)/SUci3) , 

Ut{l) = U,{2)/SUl{2) , ^ ' ' 

which may be interpreted as baryon and lepton numbers. The Uy (1) hypercharge in the 
Gstr group should be then given by the non anomalous combination of the three t/j (l)s 
with a massless gauge field. The two other combinations are anomalous; but following 
[Tl[2], these anomalies may be canceled by a generalized Green-Schwarz mechanism which 
at the same time gives large masses to the corresponding gauge bosons. As such these 
abelian symmetries remain as global symmetries in the effective Lagrangian of the theory. 
If forgetting for a while about the right handed leptons that are charged under the Uy (1) 
hypercharge, the quiver graph that would describe this supersymmetric quiver gauge 
theory without fundamental matter would involve three separated nodes as depicted 
in the figure ([3]). Each nodill refers to a gauge group factor and represents the world 
volume of the branes at some fix points under some given orbifold action on the internal 
manifold. 

(2) Matter of the MSQSM is in several complex representations of the gauge invariance 

^In fact it is the requirement that the lepton doublets remain charged under the SU l (2) factor but 
transform as singlets under SUc (3) which implies that any minimal embedding will possess at least 
three quiver nodes. 
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U(3) 



U(1) 



U(2) 



Figure 3: A quiver gauge diagram for pure gauge theory: Without matter, the gauge 
group factors of the U (3) xU (2) xU (1) are represented by three nodes. 



as shown below, 



quark multiplet 


Q = 


(3,2)i 


, U'= 


(3,l)_i 


, D'= {3,1)2 


lepton multiplet 


L = 


(1,2)^1 


, N = 


(l,l)o 


, E = {l,l)^ 


Higgs multiplet 


Hu= 


= (l,2)_i 


, Hd= 


(1,2)+, 





(2.27) 



In the brane set up, matter fields in the bi-fundamental representations live at the brane 
intersections. This is the case of the superfields Q, W^, D'^, L, Hu and Hd] but not for the 
two superfieldcl N and E of eqs fl2.27p . For these superfields, the corresponding quiver 
gauge graph requires rather four nodes; for more details see [?], see also figure (jl]) for a 
brane representation. 



U(3) 




U(1) 



Figure 4: Quiver graph of MQSM: directed lines denote three generations of left-handed 
chiral fermions. Lines with two arrows determine fermions charged under U {3) x U {1). 
Dashed line refers to the SM Higgs doublet. In the supersymmetric version MSQSM, 
oriented line denotes a chiral superfield and dashed line a vector-like pair of fields. 



The gauge group of the MSQSM is U (3) x U Sp (2) x U (1) with non anomalous hyper- 



^Implementation of the right handed leptons that are charged under the Uy (1) requires adding a 
foiu'th brane stack [2|. 
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charge 



(2.28) 



In [33], a supersymmetric version of the minimal quiver standard model has been con- 
structed in F-theory on local CY4-folds by partially Higgsing the brane probe theory of a 
del Pezzo dP^ Calabi-Yau singularity. This extension, which will be implicitly described 
in section 5, involves orientifolding ideas as a way to solve the problem of engineering 
the leptonic right handed sector and anomaly cancelation in the hypercharge sector. 
We end this section by describing rapidly the four nodes quiver gauge model extending 
the three nodes one of figure (jl]). In the language of intersecting D5-branes in type IIB 
superstrings on local Calabi-Yau threefold orbifolds, the quiver gauge theory involves 
four stack of D5- branes and an orientifold as depicted in the figure (I5l) and table f l2.30p . 





bi-fund amenta Is i ► 



- adjoin Is 




Figure 5: Quiver diagram of four stacks of D-branes of U (3) x U (2) x U (1) x U (1) 
gauge model in type II superstrings compactification on Calabi-Yau threefold orbifolds. 



The embedding of the MSSM in type IIB superstring may be achieved in this unoriented 
quiver gauge theories of at least four stacks of intersecting D- branes leaving at the fix 
points of the orbifold action in the type II superstring compactification to 4D space time. 
Under this orbifolding, the particles content of the MSSM is engineered by using both 

(iV„,iVfe) , (iV^iVfc) , (2.29) 

bi-fundamental representations of the gauge group. This possibility is familiar from type 
II orientifold models in which the world sheet of the string is modded by some operation 
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fii? with being the world sheet parity operation and R some geometrical action. Bi- 
fundamental representations of type {^Na, iVfe) appear from open strings stretched between 
branes a and h whereas those of type (iVa, N^) appear from those going between the branes 
a to the branes h*\ the mirror of the branes h under VLR. Inclusion of these representations 
in the string theoretic realization is crucial for tadpole cancelation. Following [HIS], the 
spectrum of the unoriented quiver gauge theory is given by 



intersection 


matter 


repres 


Qa 


Qb 


Qc 


Qd 


Y 
2 


ah 

ah* 

ac 

ac 

hd* 

cd 

cd* 


Ql 

Ql 

Ur 

Dr 

L 

Er 
Nr 


(3,2) 

2(3,2) 

3 (3, 1) 

3 (3, 1) 

3(1,2) 

3(1,1) 

3(1,1) 


+ 1 
+ 1 
-1 
-1 






-1 
+1 




-1 








+1 
-1 



-1 
-1 







-1 
-1 
+1 


H 
H 

2 

3 

+1 

1 
2 

+ 1 





(2.30) 



where the hyper charge -j = ^Qa — ~ 2^^.- 

3 Non abelian gauge theory on 7- brane 

In this section, we describe some basic tools on brane physics to be used later on when 
we study the 4D M = 1 supersymmetric GUT- type models along the line of the BHV 
proposal [321 ESI Ell . 

In the first subsection, we review briefly Vafa's twelve dimensional F-theory as it is the 
framework for building the M = 1 supersymmetric GUT models. In the second 
subsection, we consider some useful aspects on the geometry of the elliptic Calabi-Yau 
4-folds, 

E ^ X4 

i^r (3.1) 

where E stands for the elliptic curve fibered on the complex three dimension base B^. 
For later use, we will particularly focus on the following local geometry of the base 

So B3 

i n (3.2) 
S 

where the base is a complex surface and Sg ~ a genus zero complex curves which 
locally may be thought of as the complex line C. So, the resulting local Calabi-Yau four- 
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folds X4 reduces to the form fll.ip . Notice that although the complex base S could be a 
generic surface, we shall think about it as: 

(i) a del Pezzo surface dPn with H2 homology as in eqf ll.2p . 

(ii) a complex tetrahedral surface T of figdl]) or its 7^ blown ups studied in [ID]. 

The second issue constitutes the basis of our contribution in the embedding of GUT-like 
models building in the F-theory set up. 

With this picture in mind, we study the engineering of ADE gauge symmetries in the 

fiber Y of eq fll.ip with locus in the complex two codimension surface S. 

In the third subsection, we study the colliding of the singularities in the fiber as well as 

the enhancement of the gauge invariance at specific loci in the complex surface S. As 

we will see later on, these collisions have a nice realization in the complex tetrahedral 

geometry where gauge invariance in the bulk gets enhanced once on the edges and twice 

at the vertices of the tetrahedron of the figure ([1]); thanks to toric geometry. 

To make direct contact with the usual 4D formulation of gauge theory in SGUT models 

building, we shall often use field theoretical method to interpret geometric quantities in 

the compact real eight dimensional manifold X4. 

3.1 F-theory on elliptic CY manifolds 

We begin by noting that there are two main related approaches to introduce Vafa's twelve 
dimensional F-theory: 

(1) in terms of strongly coupled lOD type IIB superstring, or 

(2) by using superstrings dualities in lower space time dimensions. 

Besides its merit to incorporate F-theory as a part of a unifying picture including the 
five superstring theories, the duality based manner for defining F- theory has also the 
advantage to offer a way to engineer non abelian gauge symmetries in terms of geometric 
singularities in the internal manifolds. Before going into technical details, let us start by 
reviewing rapidly these two constructions. 

3.1.1 lOD Type IIB set up 

In type 11 superstring set up, the existence of twelve dimensional F-theory underlying 
lOD type IIB superstring may be motivated by looking for a link similar to the one 
existing between Witten's eleven dimensional M-theory and lOD type IIA superstring 
|52j . In this view, it has been observed in a seminal work by Vafa [5^ that the lOD type 
IIB superstring theory has indeed a remarkable underlying 12D F- theory description 
with non constant dilaton and axion. Recall that type IIB has, amongst others, the 
following features 
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(3.3) 



(a) a constant profile coupling constant gs over the entire lOD spacetime, 

(b) a strong/weak self duality captured by the SL (2, Z) symmetry, and 

(c) a NS-NS and R-R massless bosonic spectrum 

NS-NS : Gmn , Bmn , V , 
R-R : Bmn , D^inpq ' ■ 

Moreover the dilaton and the axion vevs if and (p of eq fl3.3p are interpreted in terms 
of the complex structure modulus tjjb = r = (p + ie~'^ of an elliptic curve E with the 
modular transformation 

^-^' = :ii7Sl ' i""" \^SL{2,Z) . (3.4) 



By thinking about this 2-torus as a universe geometric entity with coordinates x^^ = 
x^^ + -Ri and = x^^ + R2, one ends with a (10 + 2) dimensional space time. 
To practically handle this complex elliptic curve E ~ T^, it useful to embed it in the 
complex space with a local holomorphic coordinates (u, v). In this embedding, the 
complex elliptic curvtf] E may be naively defined by the typical complex algebraic cubic. 



E : = du-^ + eu' + fu + g , d ^ , (3.5) 

where d, e, / and g are some complex constants introduced for later use. 
Recall in passing that in the Weierstrass form of the complex elliptic curve E, we have 
d = 1 and e = 0; but here we have used the equivalent form fl3.5p since later on the 
coefficients d, e, / and g will be promoted to holomorphic sections of a some canonical 
bundle in the base of the CY4- folds. This promotion is needed in the engineering of 
elliptic fibrations of CY4- folds and in the implementation of gauge ADE symmetries in 
the game. 

Twelve dimensional F- theory defines then a non perturbative vacua of type IIB super- 
string theory with non constant dilaton and axion and may be thought of as its strong 
string coupling limit {tub — ^ 00); but with no local on shell dynamics along the two 
extra compact directions (x^^,x^^). From this view, lOD type IIB superstring theory 
may be seen as the compactification of F-theory on 

F-Theory/T^ ^ lOD Type IIB . (3.6) 



•^Generally, a complex elliptic curve is a nonsingular cubic curve in the (u,w)- complex plane with 
algebraic equation anmU^v"^ — where a,i„i are some constants. This complex cubic can be 

simplified however, by an appropriate change of variables and brought to the usual Weierstrass form 
v"^ = + au + b with discriminant A = — 16 (Aa^ + 276'^). In our formulation, we have kept the 
expression of the cubic quite general in order to give a unified description of the ADE geometries. 



18 



Notice in passing that in ten dimensions, we also have a duahty between F-theory on a 
cyhnder and SO (32) type I/Heterotic superstrings. There, the modulus of the cylinder 
X S^/Z2 is identified with the type I/Heterotic coupling constants [5^ . 

3.1.2 Duality in lower dimensions 

Twelve dimensional F-theory may be nicely defined in terms of superstrings dualities at 
various space time dimensions where more physical features are expected. In eight space 
time dimensions, F-theory on elliptic K3 is duafl to the lOD heterotic superstring on 2- 
torus T^, 

lOD Heterotic superstring/T^ < — > F-theory on K3 , (3-7) 
where topologically K3 ~ E x P^. 

This duality relation can be used to build other dualities in lower space time dimensions 
by using the adiabatic argument. By further compactifying (13.71) on a real two sphere 
§2 pi reducing then the space time dimension to six, we get a duality between F- 
theory on Calabi-Yau three-folds with elliptic K3 fibration and the Heterotic superstring 
on elliptic K3, 

lOD Heterotic superstring/K3 < — > F-theory on CY3 , (3.8) 

where topologically CY3 ~ K3 x or more explicitly E x P^ x P^. 

In 4D space time, F-theory on Calabi-Yau four- folds is dual to the Heterotic superstring 

on Calabi-Yau three-folds, 

lOD Heterotic superstring/CY3 < > F-theory on CY^ . (3-9) 

As we see, these duality based definitions of F- theory are related and they can be 
used to build other dualities in various space dimensions by implementing type I, type II 
superstrings, eleven dimension M- and twelve dimension F- theories. These dualities turn 
out be crucial in the engineering of non abelian gauge symmetries, the bi-fundamental 
matter and Yukawa couphngs. 

3.2 Engineering non abelian gauge symmetries 

Before coming to the engineering non abelian gauge symmetries in F-Theory on CY4- 
folds, let us start by recalling basic results that are helpful for the understanding the links 
between the geometry of CY4- folds and 4D space time non abelian gauge invariance. 

''Notice that the geometry of the compactifieation must be of a special type for this duahty to hold. 
In F-theory GUT models, it is precisely those models that are not dual to heterotic superstring that are 
important as they allow gauge breaking of the GUT group through the so called hyperflux method. 
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(1) Gauge fields in heterotic superstring 
In building GUT models extending MSSM, one needs, amongst others 4D non abelian 
gauge fields A^; that is operator fields with the non commutativity property [A^, Au] 7^ 0. 
As it is well known, this non commutativity feature is solved by taking the hermitian 
gauge field A^ in the adjoint representation of an ADE gauge group G as given below, 

dimG 
a=l 

with 

dim G dim G 

[A,, A] = = E C:,AlAlT,, (3.11) 

a,b=l a,b=l 

where the T^'s are the generators of G and its constant structures, 

dimG 

[T„T,]= Y^ClbTc (3.12) 

c=l 

These massless gauge fields together with matter (jf in adjoint representations, 
which mediate the gauge interactions between the elementary particles, have a nice origin 
in quantized superstring theory. 

In the ten dimensional x or 5*0(32) heterotic superstrings with lOD massless 
bosonic fields 



Gmn 


, Bmn 






, G = Eg X Eg 


, G = SO (32) 



(3.13) 



non abelian gauge fields Al^ appear naturally in the massless spectrum. Compactification 
down to lower space time dimensions, with some Wilson lines switched on to break 
partially gauge invariance, still have non abelian gauge fields A'^. It is this property 
which made first heterotic superstring much popular and was behind the early days in 
building superstring inspired semi-reahstic MSSM and GUT models [561 EH] by using 
heterotic superstring compactifications down to 4D. 

(2) Non abelian gauge fields in F-theory 
In the lOD type IIB closed superstring with chiral M = 2 supersymmetry, which accord- 
ing to (13. 6p may be also viewed as the perturbative regime of 12D F-theory on T^, the 
massless bosonic fields are as in eq (l3.3l) . As we see, there is no non abelian gauge fields 
A%j in the massless spectrum of the theory. But this is not a problem since lOD type 
IIB closed superstring has Dp-branes with p = 1, 3, 5, 7. On a stack of r Dp- branes live 
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r abelian (p + 1) dimensional gauge fields A{.f belonging to the spectrum of the quan- 
tized open superstrings that end on these branes. These fields can be put altogether like 
^{ofeeO ^ ^^^^ -^mHi with the property 

r 

= Y,A'MAi[Hi,Hj] = Q, (3.14) 

/,j=i 

In fact, one should think about X]/=i -^i/-^/ the commuting part of a more general 
non abelian expansion involving as well the gauge fields associated with step operators of 
Lie algebras of the strings stretching between the D- branes. Indeed for coincident 
branes, the gauge fields become massless and one is left with a massless non abelian 
gauge field A% = [A\^,A^) in the spectrum. Thanks to the extended solitonic ob- 
jects and open superstrings; these are exactly what is needed for engineering non abelian 
gauge symmetries in type II superstrings. 

By using the Heterotic string/F-theory duality (13.91) . it is now clear that gauge symme- 
tries G of the heterotic superstring on three- folds; with 

GcEsxEs or G C 50 (32) , (3.15) 

have a counterpart in the F-theory compactification on elliptically fibered CY4- folds 
X4. The origin of non abelian gauge fields in F-theory gauge on CY4- folds is then due 
to the 7- brane wrapping 4-cycles in CY4- folds: 

Heterotic string/CY3 F-theory on (714 

gauge symmetry G < > singularity (3.16) 

gauge fields Am = {•^m^-^m') ^ ^ coincident branes 

In this table, the gauge fields A{j; and A"^ are respectively associated with the Cartan 
Weyl basis generators (if/, E±a) the of the Lie algebra g of the gauge symmetry G; i.e 

r 

Am = Y1 ^±"-4m + Yl ^^^M , (3.17) 

aGA 7=1 

with A = A (g) being the root system of g and r = r (g) is its rank. To complete the 
table fl3.16p for the case of F-theory GUT models, we still need to study: 

(a) the engineering of non abelian gauge symmetry through the implementation of the 
ADE geometric singularities in the elliptically K3 fiber of the local GY4 ~ K3 x S, 

(b) the 4D effective gauge theory on the seven brane wrapping compact 4- cycles in the 
base S of the local CY4-fold. 

Below we study these two issues with some details. 



A (abel) A (abel) 
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3.2.1 4D gauge invariance in F-theory on CY4s 

In the F- theory set up of the duahty (13.91) . the 4D space time gauge symmetry G has a 
very nice geometric interpretation. This invariance is in fact captured by a Weierstrass 
ADE singularity hving in the local CY4-fold which may roughly be thought of as, 

E X X4 

i TT (3.18) 
S 

and described by the vanishing condition of the discriminant A^; of the elliptic curve 
= + f (z) u + g (z). This condition reads as 

As = (16/3 + 27^?2) = 0, (3.19) 

and its solutions depend on the nature of the sections f{z) and g{z). 
To get more insight into the ways one deals with this condition for generic elliptically 
fibered CY4- folds X4, we start by recalling that elliptic X4 may be defined by the 
following complex four dimension elliptically fibered hypersurface in C^, 

v2 = V{wi,W2,Wr^)u^ + £(wi,w;2,W3)u2 ^^^^^ 

In this relation inspired from eq (l3.5l) . the holomorphic functions T> (w), S {w), T {yS) and 
Q (w) are special sections on the base manifold B3 of the elliptic Calabi-Yau 4- fold 

E ^ X4 

iTT (3.21) 

The complex variables w = {wi, 102,103) are the holomorphic coordinates of the base 
manifold S3 and the w- dependence in the holomorphic sections V (w), S (w), T {w) and 
Q iyo) are such that the various monomials in eq (l3.20p transform homogeneously under 
coordinates transformations in the base. 

To explicitly exhibit the Weierstrass ADE singularity on the complex 3- dimension base 
i?3 of the CY4- fold, it is interesting to factorize these holomorphic sections V {w), £ (w), 
T {w) and Q {w) like 

V{w) = ^(S1,S2) X d(z) , 

£{w) = ^ {si, S2) X e (z) , ^^22^ 
J^(w) = ^ {si, S2) X i (z) , 

g(w) = ^9(Si,S2) X g(z) , 
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where we have supposed '&{si,S2) 7^ and where {si,S2;z) are new local holomorphic 
coordinates of related to the old complex coordinates {wi, 102,103) by some local 
analytic coordinate change, 

51 = Si{wi,W2,W3) , 

52 = 82(101,102,103) , (3.23) 

Z = z{wi,W2,W3) 

In doing so, we have broken the U (3) structure group of the tangent bundle TB3 ( 
with i?3 ~ So X S) down to Uii{l) x U (2) with Ur{1) and U (2) being respectively 
the structure group of the tangent sub- bundles TEq and TS. These complex structure 
groups are contained in the R-symmetry groups of the compactification of 12D F-theory 
down to 4D, 

f/(3) C 5f/(4)~50R(6) 

Unil) ~ 50«(2) , (3.24) 

U (2) c SU (2) X SU (2) ~ SOr (4) . 

Notice also the following features: 

(1) the complex holomorphic functions d{z) , e (z), f (z) and g (z) are particular sections 
of the canonical bundle ATsq on the curve Sq in B3. These holomorphic functions, which 
will be specified later on for Weierstrass ADE singularities; see table (13.291) . transform 
homogenously under the change z ^ gz as follows. 



d(^) ^ g^'Miz) , 

(3.25) 



e [z) — > g"-^e [z^ 
f (z) ^"/f [z] 

g (z) ^ g^-og {z 



where n^, Uf., Uf and ng are some positive integers. 

(2) In the coordinate frame {u, v, z; Si, S2), the local CY4- fold is thought of as 

Y2 X4 

i 71 (3.26) 
S 

where the local surface Y2 is given by the elliptic curve E fibered on the complex line Sq 
with coordinate z {Y2 ~ E x Sq). In this realization, the Calabi-Yau condition requires 
the two following: 

(a) the local coordinates {u,v,z) have to transform as sections of the canonical bundle 
over S. Under the "scaling" Si VXsi, the local coordinates {u,v,z) transform like 

{X^u, X%, X'z) , (3.27) 
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where A is a non zero complex number and the degrees a, b and c are some integers to 
determine. 

(b) the holomorphic 2- form ^2*^^'°) = ^i^Mi over the local surface Y2 should scale hke 
^(2,0) _^ Ai7*-^'°^ This condition requires that the degrees a, b and c should be constrained 
as a — 6 + c = 1. 

Substituting (13.231) back into fl3.20p and setting = -i^v^, we can factorize it as follows 

= d (z) u^ + e (z) n'^ + f{z)n + g (z) , 

From these relations and following the analysis of [32], one can immediately read the 
Weierstrass form of the standard ADE singularities by specifying the holomorphic sec- 
tions d{z), e (z), f (z) and g (z) as given below, 



singularity 


d 


e 


/ 


9 


A-n 





1 







Dn 





z 







Eg 


1 








Z^ 


E7 


1 





z3 





Eg 


1 








z^ 



(3.29) 



For later use we mainly need the engineering of the following singularities, 

A„ : v"^ = u'^ + , n = 4, 5, 6 , 

D„ : v"^ = zu^ + az"-^ , n = 5, 6 , (3.30) 

Eg v"^ = V? + z^ , 

in particular the A4 geometry; its one -fold enhancements A5 and D5 and the two- folds 
enhancements Dg and Eg. These enhancements, which are related to switching off Higgs 
vevs, have a geometric realization in terms of colliding singularities. Below we give some 
specific examples. 

3.2.2 Examples 

To fix the ideas on colliding singularities, we give below some illustrating examples 
on the engineering of enhanced non abelian gauge symmetries by colliding geometric 
singularities in the local CY4- folds. These examples will be used later on when we 
consider gauge/brane interpretation as well as the engineering of matter and Yukawa 
couplings. 

SU (2) gauge invariance 
In the description we have been using so far, the Weierstrass singularity capturing the 
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SU (2) gauge invariance of the low energy quantum field theory embedded in F-theory 
compactified on K3 fibered CYA- folds, termed in Kodaira classification as Ai [51], is 
given by, 

v^= ^(u^ + .^) . 3 

where "i? (si, S2) is a non zero holomorphic function that live on the complex surface S of 
eqf l3.26l) . The locus of this Ai geometric singularity lives at, 

{Po} X S, (3.32) 

with Po = (u, V, z) = (0, 0, 0) is the singular point in the K3 fiber where the elliptic curve 
E degenerate. This means that the local CY4- folds (13.261) is given by the local Ai space 

u^ + v^ + z^ = (3.33) 

fibered on S. The fibration is captured by the relation v^ = —{} (si, S2) v^ and extends 
directly to higher order A„ geometries fibered on S. 

SU (n) X SU (m) gauge invariance 
From the preceding example, it is not difficult to see that the Weierstrass singularity 
capturing the semi simple SU {n) x SU (m) x U (1) gauge invariance of the supersym- 
metric QFT4 embedded in F- theory on the CY4- folds is then given by the following 
algebraic relation 

i= v^ + iz+triz-tr , .334. 

The complex modulus t is a section on JCs with same degree as the variable z. This 
modulus may be physically thought of as a vevs of a matter field in the adjoint 
representation of SU [n + m) with the following Cartan subalgebra value, 

jt— 1 m— 1 

{<P)=tY,Hi-tJ2 Hn-i+i. (3.35) 
1=1 1=1 

Notice that the singularity An-i lives at {Pi} x 5* with the point Pi = (0,0, —t) while 
the singularity Am-i lives at {P2} x S with P2 = (0,0, +t); see also the figure for 
illustration. 



The locus of the An-i and Am-i singularity is then given by the set {Pi, P2} x S. Notice 
moreover that in the case where t —>■ 0, the two A„_i and A^-i singularities collide 
and the gauge symmetry gets enhanced to SU {n + m) with singular geometry algebraic 
equation 

= ^ [u2 + 2"+™] , (3.36) 
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Figure 6: Geometric engineering of SU {n) x SU (m) gauge invariance. The elliptic 
curve (yellow color) degenerate on the surface z = —t and z = +t. For t = 0, the two 
singularities coUide and gauge symmetry gets enhanced to SU {n + m). 



with {} = {} {si, S2) as before. 

S0(2n) and Eq gauge invariances 
The elliptic singularity capturing the S0{2n) gauge symmetry is as follows 

v2= («V-i-zu2)^9 , n>4 , 

where the modulus a is trick to handle gauge enhancements [32^j. This singularity lives 
at (u, V, z) = (0,0,0) whatever are the complex coordinates (si,S2). Then, the locus of 
the Dn singularity is {Pq} x S with Pq = (0, 0, 0). Notice that for -2 7^ 0; say z = 1, the 
above relation describes an Ai singularity at (u, v, a) = (0,0,0). 
Similarly, the elliptic singularity capturing the Eq gauge symmetry is 

v2= {n^ + z'')^ , (3.38) 

with {} = {} (si, S2). This singularity lives at {(0, 0, 0)} x S. Aspects of colliding of such 
kind of singularities will be detailed in the following subsection. 



3.3 Colliding singularities: pure and hybrids 

Colliding singularities in the CY4- folds yields an enhancement of the gauge invariance 
of the supersymmetric QFT4 embedded in the F-theory compactified on CY4. Generally 
speaking, we distinguish the following rough classification: 

(1) Colliding singularities of same nature: pure colliding, 

(2) Colliding singularities of different types: hybrids. 

Let us comment briefly this classification through some selected examples. 
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3.3.1 Pure colliding 

This kind of gauge invariance enhancement concerns are the colliding of two or several 
singularities of same type. Restricting the classification to the ADE case, we distinguish 
for a given integer I > 2: 

(a) Unitary symmetry: SU {rii) x ... x SU {rii) with rij > 2, 

(b) Orthogonal symmetry: SO {2ni) x ... x SO {2ni) with rii > 4, 

(c) Exceptional symmetry Ef" with s = 6, 7, 8. 

These collisions do not give necessary a singularity of same type as we will show on the 
following examples. 

For the unitary series, the simplest example concerns colliding the An and A^ singular- 
ities which lead to the enhancement, 

X ~^ ^n+mj (3.39) 

whose algebraic relation is given by eqf l3.34l) . In the case of three singularities y4„^, 
An2 and An:^, the collision can be achieved in various ways and leads to the following 
enhancement. 

Am X An^+ns ~^ ^ni+n2+n3 (3.40) 

The colliding of An singularities is a commutative and associative product. These col- 
lisions extend straightforwardly to the case of colliding / singular components A„-. We 
have several ways to do these collisions; but with same result at the end: 

{^711+712 ^ ••• ^ ^rii 
: > ■ ■ ■ Ani+n2-\ hrij- (3-41) 

In the case where all singularities as well as their collision have all of them the complex 
surface S as a locus in the local CY4- folds, then the algebraic relation describing the 
colliding of these singularities reads as follows 

where the complex moduli ti are sections on the canonical bundle JCs with same degree 
property as z. 

Regarding the orthogonal D- singularities, the colliding of two singularities Dn and Dm 
gives an exotic singularity which is beyond the scope of the present study. These singu- 
larities may be associated with the indefinite sector in the classification of Lie algebras 
[571 ES, EHl [60]. The same thing is valid for the colliding of the exceptional singularities. 
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3.3.2 Hybrids 

Given several isolated singularities of type ADE, which are associated with a semi simple 
gauge group invariance in the QFT4 limit of F- theory on CY4- folds, we can engineer 
enhanced singularities by performing collisions. In addition to the pure colliding consid- 
ered above, we also have, amongst others, the following hybrids: 

a) case An X Dm -Dn+m+l 

P) case An y< Eq ^ Exotic singularity, n > 2 
7) case Dn x Eg Exotic singularity. 

This analysis extends to the case of colliding more than two singularities. For the case 
of three singularities, we have 

a) case An X Am y< Dk Dn+m+k+l 

j3) case An x Am x Eq ^ Exotic singularity, 
7) case An x Dm x Eq ^ Exotic singularity. 

More hybrids such as the triangular geometries Tn^m,r as those considered in the geomet- 
ric engineering of superconformal QFT4 embedded in type II compactification on CY3- 
folds [m EO] as technical details regarding these hybrids will be reported elsewhere. 

4 Seven brane wrapping 4-cycles 

In the 4D M = 1 supersymmetric QFT limit of F-theory on local Calabi Yau four- folds 
X4, there is a close relation between the degeneracy loci of the elliptic curve E in X4 and 
the seven brane wrapping 4- cycles. The space time region 



of the 12- dimensional F-theory where the elliptiqj curve E f l3.28p degenerates, corre- 
sponds precisely to the world volume Vs of the seven brane. 



In this region, the (m, f,^;) coordinates of the K3 fiber of X4, with u = u{x^^,x^'^), 
V = take particular values and one is left with the local coordinates (14.21) 

which parameterize the world volume of the seven brane. Notice that in addition to 
the non compact 4D space time M ' with the usual real coordinates ( 3), the 

holomorphic coordinates (si, 82) of (14.21) parameterize the compact complex surface S 
sitting in the complex three dimensional base B^. The compact real four dimensional 

^In (|4.ip the variables (a;^^,a;^^) are the two real compact coordinates of the extra 2-torus used in 
F-Theory and which as been realized in terms of the algebraic curve v = dv!^ + ev?' + fu + g. 



12 3. — — . — 11 

tij J OC tjC J OC ^ tS]^^ ^ 7 ^ 7 *^ 5 
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(4.1) 




(4.2) 
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manifold 5* is just the locus of the elliptic singularity in the Calabi Yau 4- folds. 
In this section, we first consider the M = 1 supergravity in 8D space time [Ml; then we 
analyze its reduction to 4D supergravity with four supersymmetric charges by borrowing 
ideas and results from the twisted topological field analysis of [32]; in particular the 
solutions of BPS equations. After that, we use these results to study the Ji^D J\f = 1 non 
abelian gauge invariance in the seven brane wrapping S . 

4.1 General on = 1 supergravity in 8D 

We start by recalling that in curved eight dimensional space time lives a 8D Af = 1 
supergravity theory describing the interacting dynamics of the supergravity multiplet 
^iugra couplcd to supcrYaug Mills V^^^. This supersymmetric gauge theory may be 
viewed as the field theory limit of compactified superstrings theory at Planck scale; in 
particular as the limit of F- theory on K3 which is dual to lOD heterotic superstring 
on T^. In this subsection, we first review briefly general results on this supersymmetric 
gauge theory having sixteen conserved supercharges. Then we consider the super Yang- 
Mills theory in the limit of decoupled supergravity in connection with the philosophy of 
the F-theory GUT models building and the gauge theory on the seven brane wrapping 
4- cycles of the Calabi Yau 4- folds. 

4.1.1 Fields spectrum 

The massless spectrum of the A/" = 1 supergravity in 8D involves two super multiplets: 
the supergravity multiplet G sugra and the Maxwell (super- Yang-Mills) multiplet Vsd- 
The 8D Af = I supergravity multiplet Qit^m has the following fields content: 



Bosonic fields 


Fermions 







(4.3) 



The bosonic sector consists of the graviton (eightbein) ef^ with space time metric Gmn = 
efjCNA, the antisymmetric field Bmn, two gravi-photons and a scalar field a: the 

8D dilaton. The fermionic sector consists of the 8D Rarita-Scwhinger field if) and a 8D 
pseudo Majorana fermion x- This supermultiplet contains 48 + 4^ on shell propagating 
degrees of freedom capturing the pure supergravity dynamics. 
The 8D Af = 1 Maxwell supermultiplet V^al following fields content: 



superfield 


Bosonic fields 


Fermions 


'^Max 


Am , 01 , 02 





(4.4) 
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where Am (to be some times denoted as W'^.f^ ) is a 8D Maxwell field. The spinor field 
Xa is the 8D gaugino having real 8 propagating degrees of freedom and the fields (0^, 
are two real 8D scalars parameterizing the SO (1, 2) /SO (2) coset manifold 

SO (1,2) /SO {2) ^ SU {1,1) /U{1) (4.5) 

defining the interactions of these scalar fields. 

Notice that the two scalar fields 0^ = (0^, 02) are charged under the Ur (1) ~ SOji (2) 
symmetry of eq fl3.24l) with the SOr (2) appearing in the breaking of the lOD space time 
group 

SO (1,9) D SO (1,7) X S0r{2). (4.6) 

This property can be immediately viewed by thinking about (^Aff\ 4>i, 02 j as following 
from the reduction of the dimensional field A^l^^\ Reducing the fiat space time dimen- 
sion M}'^ down to M^'^ x C, the real 1- form gauge connexion A^^^^^ = Yl\i=o A^^^^^dx^ 
splits as 

^(lOD) ^ I ^ AfPdxA + {<pdz + ^dz) , (4.7) 
Va/=o / 

where we have set 

0=0,+.02=i(4""^+aro ^4.8) 

and where z = + ix^ stands for the coordinate of the complex line C. Under the 
change z e*^z, then we should have 

^ e-'^ (4.9) 

showing that carries a Ur^I) charge = —1. 
Supergravity action 

To write down the more general supergravity action, let us consider the case of n Maxwell 
multiplets V^j^^ = {Alj, 0", 02; A^) which, in the case of F- theory on K3, may be thought 
of as dealing with the gauge theory of n separated 7- branes. Combining these Maxwell 
multiplets Vj^j^^ with the gravity multiplet Q^u^ra, we get, in addition to the fermions 
, X? ^ti the following bosonic fields 



Bmn, Ai, 0", a, (4.10) 



where we have set 0° = (0",02). In this relation, the scalars 0" with a = l,...,n 
parameterize the Kahler manifold 

S0{n,2) /SO{n) X S0{2) (4.11) 
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fixing the interactions of tfie scalars. Following pT\ [62] . this coset manifold is conve- 
niently parameterized by the following typical representative {n + 2)x{n + 2) orthogonal 
matrix, 

-^A - / , X n ' ^A-'^T.Vrr - Vaj: > l4.12j 

\[<Pa)n>c2 U2X2 y(„+2)^(„+2) 

where the metric r]/^^. — diag (+ + ... H ) of the M"'^ real space. 

Regarding the 8D gauge vector fields {A%f, Qj^, Qj^) involved in this theory, they may be 
combined as A^j, with A = 1, n + 2. These Maxwell type gauge fields transform as a 
vector of SO {n, 2) while the gaugino partners transform as a vector under SO {n). To 
describe the interactions of the scalar fields, we also need the gauge connection L'^duL 
which may be split as follows 



i-SMi = I '^t ^' 1 , (4.13) 

^Mi ^Mi J („+2)x(n+2) 



where and are respectively the 5*0 (n) and 5*0 (2) gauge connections and where 
^iia Cartan-Maurer Form transforming homogeneously under the SO (n) x SO (2) 

gauge symmetry. 

Following [M], the component field action of the A/" = 1 supergravity in 8D describing 
the interacting dynamics of the Giufra and the n vector multiplets V^^^j reads as 



dete 4 4 ''''' 12 

+ ldMad''cr + \PI,^P^'' (4.14) 
+ fermionic terms + gauge couplings 

with J'mjv, Qmnq and tae given by 

^tiN = QmA^ — SnAm , 

Qmnq = OmSnq - 'nAY;^MNAQ+ cyclic permutation , (4-15) 

4.1.2 SYMg in decoupling gravity limit 

The 8D Af = I supergravity multiplet Qsd may also couple non abelian super Yang-Mills 
multiplets. The field content of these A/" = 1 non abelian gauge supermultiplets is given 

by, 



Bosons 


Fermions 


Am = 

= 




sr^dimG rp \a 



(4.16) 
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where now the 8D gauge fields are valued in the Lie algebra of the gauge symmetry with 
matrix generators {Tg} as in eq fl3.11l) . 

The component fields action describing the classical interacting dynamics may be con- 
structed perturbatively by using Noether method. This field action reads as 

'^sugra = / ^fJ^va.{^) > (4-17) 

with iZiugra describing the lagrangian density of the 8D supergravity fields 

4uSl = (4, Bmn. Gil, Gl, x; Am, <P\ 0^ A) . (4.18) 

It is given by the sum of the 8D Hilbert-Einstein supergravity term Che plus Csym-e 
the 8D superYang-Mills term coupled to supergravity. 

In the limit of decoupled supergravity, the dynamics of the gravity supermultiplet (14.31) 
is freezed and the above action S^^}a reduces to the usual supersymmetric Yang Mills 

theory sfyli = / d^^^srli with. 



4yM = ^^^rf'a:Tr (^-ij-M7v^*'^ + ^Ar*^/^MA + DA/0/^'V) +••• , (4.19) 

where J-'mn = d^jA-N — Q^Am + [Am, An] is the 8D field strength valued in the Lie 
algebra of the gauge group. 

4.1.3 Reduction to 4D J\f = 1 supersymmetry 

In the supersymmetric QFT4 set up of the F-theory GUT models building, the starting 
point is precisely the JV = 1 supersymmetric Yang-Mills lagrangian density '^^gyM (HUH]). 
Since the seven brane wraps 4-cycles S in the CY4- folds, the 8D fields $ {x; s, s) of the 
7- brane bulk theory may be thought of as a collection of 4D space time fields 

= (x) (4.20) 

labeled by points Sm = (si, S2) G S. Then, to reduce the above Af = 1 8D SYMg down 
to a A/" = 1 supersymmetry in 4D as required by the compactification of F-theory on 
CY4-folds, one needs to compactify M^'"^ as M.^'^ x S. Under this compactification, the 
action <S^ym (SilS]) gets reduced down to S^'^^^ as follows, 

_ f ^4 /^(4^) (AOU 
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where C^sym a priori given by, 

4yL = I d'sd'-s Ct?l, [<P (x; s, -s)] . (4.22) 
Js 

Notice that in performing the reduction from 8D down to 4D, one should worry about 
two main things: (1) supersymmetry and (2) chiral matter representations. 

Supersymmetry 

In the flat 8D M = 1 supersymmetric Yang-Mills (I4.19p . there are sixteen conserved 
supersymmetries. This is too much since compactification of F- theory on CY4- folds 
has only four conserved supersymmetries. Thus the reduction from 8D down to 4D 
should preserve | of the original sixteen. Using the compactification M^''^ M}''^ x S", 
the SO (1,7) structure group gets broken down like 

SO (1, 7) ^ SO (1, 3) X [/ (2) = SO (1, 3) X SU (2) x Uj (1) . (4.23) 

The mechanism to perform the reduction preserving four supersymmetric charges has 
been studied in [22] and is based on the mapping 



Un{l)^U.j{l)^Uj,^^{l) , (4.24) 

with twist charge, 

Jtop = J + 2R = T, (4.25) 

borrowed from topological field theory ideas. 
Chiral matter 

In 4D A/" = 1 supersymmetric gauge theory, chiral matter is described by chiral super- 
fields transforming in complex representations of the gauge group. The reduction of 
A/" = 1 SYMsD down to a 4D M = 1 supersymmetric theory gives indeed chiral matter; 
but only in the adjoint representation. This property is immediately seen by decompos- 
ing the M = 1 super Yang-Mills miltiplets v'^gyli- This supermultiplet belongs to the 
adjoint representation of the gauge group and decomposes as follows: 

(a) A/" = 1 super Yang- Mills miltiplets V'^gyli^ 

(b) three massless chiral multiplets $0) "^i? '^'2 in the adjoint representation, 

(c) an infinite tower of massive KK type modes which may be denoted as Vj^^^p $o[n]5 ^i[n] 
and $2[n]; see also next subsection for more details. 

As we see, there is no chiral superfield in complex representations of the gauge group. 
This difficulty has been solved in wonderful manner in [22] , by considering local Calabi- 
Yau four-folds, 

Y2 — i> X4 

i TT (4.26) 
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where now the base surface S = UqCq with non trivial 4- cycles intersections 

CanCa = ^ab. (4.27) 

where Hab are real 2- cycles inside the CY4- folds. Each real 2- cycle Hah defines the locus 
of intersecting seven branes where precisely live chiral matter. In the next subsection, 
we give some explicit details. 



4.2 SU (N) invariance in seven brane 

In the F-theory set up, non abelian gauge invariance has a remarkable geometric engi- 
neering in terms of seven branes wrapping compact 4- cycles Ca in the CY4- folds. On 
each 4-cycle the world volume of the seven brane splits into two blocks: 

(1) the four non compact real (1 + 3) space time dimensions viewed as the 4D space 
where lives the Af = 1 super symmetric GUT. 

(2) four compact directions wrapping the 4-cycle Ca a number of times; say A^^^ times. 
In the case of SU (No) gauge invariance, the fiber Y of the Calabi-Yau 4- folds (14.261) 
has a ^Afa-i singularity described by the following algebraic equation 

^ = u2 + z^'' , ^ = ^{s,,S2), (4.28) 

where the integer Na in the monomial z^" captures the number of times the seven brane 
wraps Ca- 

4.2.1 QFTsD set up 

In the supersymmetric field theory analysis, the non abelian gauge theory in the seven 
brane involves the following: 

First, a non abelian 8D M = 1 supersymmetric SU {No) Yang Mills multiplet 

4r,Ar,0(«^)), (4.29) 

with flat space time gauge dynamics given by the action S^ym (I^-IQP - Since SU (Na) is 
an exact gauge symmetry for the gauge theory engineered from 

Y2 X4 

i vr (4.30) 
C 

the vev of the scalar cj)^^^^ in the adjoint representation of the SU (No) gauge symmetry 
should vanish, i.e 

= 0, (4.31) 
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otherwise SU (Na) gauge invariance would be broken down to a subsymmetry. 

Second, being SU (No) matrices in the adjoint representation, the 8D gauge fields can 

be expanded as follows: 

Na-l 

qGA 7=1 

Na-l 

= E ^i-'^M + E HiA%, (4.32) 

aGA 7=1 

Na-l 

aeA 7=1 

where {Hj, E±a} is the Cartan Weyl basis of su {Na) and A its root system. Putting 
the expansion of (p^^^'^ back into fl4.32p and setting (0^") = 0, we have 

Na-l 

(0(«^))= (4.33) 

7=1 

Giving a non zero vev to some of the 0^; say (^(f)^) = tj ^ with I = 1, Nq, the gauge 
symmetry gets broken down to SU {Na — Nq) x t/^" (1). On the level of the geometry 
of the local Calabi-Yau 4- folds, this breaking corresponds to performing a complex 
deformation of the singularity which reduce the degree of the ^iv^-i singularity (14.281) 
down to 

^ = + - ti) {z - h) ... (z - tATo)^"-^" , (4.34) 

V 

where "i? = (si, 82)- 

Next, seen that the seven brane wraps the compact 4-cycle Ca, the above 8D gauge fields 
depend on the local coordinates (x°, x^, x"^, x^; Si, S2, Si, S2); that is: 

0(8^) = <p(^^^{x',x\x\x';s,,S2,SuS2) ^ 0(^^)(x;s,s) , 

-4^^ = Aff\x^,x\x^x^-si,S2,si,S2) = 4f)(x;s,s) , (4.35) 

^f^^ = Af^^ (x°,x\x^x3;si,S2,Si,S2) = Xf^\x;s,s) . 

However, since Ca is a compact Kahler manifolcj^; these fields may be expanded in har- 
monic series in terms of the representations of the U (2) structure group of TCa- For the 

^The 4D fields are determined by tlie zero modes of the Dirac operator on the complex base surface. 
The chiral and antichiral spectrum is determined by the bundle valued cohomology groups {S, i?")" 
© {S, R) ® i7| {S, and i/J {S, R) ® H| {S, R")" ® Hi (5, R) where R is the vector bundle on 
the base surface whose sections transform in the representation R of the structure group. 
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case of the scalar fields 0*-^^^ and 4'^^^\ we have a priori the following expansior0 



where the zero mode of the expansion, 

(x) = (x) , (^) = (^) , (4.37) 

stand for the 4D scalar fields and (x) and ^l^]^"* for the non zero modes associated 
with the non trivial U (2) representations R[n] = R[n] [s, s] and -R[_„] = R[n] [s, s]. 
Moreover, following [321 El] the BPS conditions require the field to be holomorphic on 
the S so that the representations R[n] are holomorphic and may be taken as. 



= E (4.38) 



k=—n 



Similarly, we have for the 8D vector gauge field, 

the following mode expansion 

4'^) (x; s, s) = A, (x) + E„>o {Rln]A? (x) + (x)) , (4.40) 

where the zero mode Afj, (x) = ^|?' (x) stands for the massless 4D gauge field and 
(x) for the higher modes. Analogous expansions are valid as well for the four 
other components on the compact manifold namely 



A\ ^ — Ai (x) + Yln>o -^mAI ' {Xj , 
Ai = Ai {x) ~\~ ^^n>o R['"-]Ai {x 



where the zero modes Ai (x) and At (x) are two U (2) doublets of 4D scalars while Af'^ 
and A^^ describe massive excitations. 

Regarding the 8D fermionic field the reduction is a little bit more technical as it 

requires splitting this 5*0(1,7) spinor in terms of representations of 50(1,3) x U (2). 
Let us treat this decomposition separately as it is interesting as well for the reduction of 
the sixteen original supersymmetries down to the four conserved supercharges in A/" = 1 
supersymmetric theory in 4D space time. 



^BPS conditions [32j require furthermore that these expansions to be holomorphic in the complex 
coordinates of the complex surface C. 
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4.2.2 Twisted gauge theory 

We begin by recalling that the SO (1,7) space time group of the 8D flat space time M^'"^ 
decomposes in the case of the seven- brane wrapping a 4- cycle Ca in the Calabi-Yau 4- 
folds like, 

50(l,7)xf/«(l) D 50(1,3) X 50(4) xf/^(l) , 
D 50(l,3)xf/(2)xf/«(l) , 

where U (2) = Uj (1) x SU (2) is just the structure group of the tangent bundle of Ca 
and where t/j? (1) is as in eqf l3.24p . 

To twist the gauge theory in the seven brane, we combine the Un (1) charge and the 
Uj {1) as in eq fl4.24p and then think about the compact symmetry group as 

Unil)xU{2) = Un{l)xUjil)xSU{2) , 
D Ut{1) X SU{2) = Ut{2) . 

with T = J + 2R as in the relation f l4.25p . In other words, we have the following chain 
of breakings of space time groups 

50(1,9) D 50(1,7)x[/k(1) 

D 50(l,3)xt/^(l)x50(4) , 

D S0{1,?>)xUr{1)xUj{1)xSU{2) , 

D 50(1,3) X [/r(l) X 5f/ (2) 

The sixteen components of the 50 (1,7) spinor decomposes in terms of the representa- 
tions of 50 (1, 3) X SU (2) X Ut (1) as follows: 

16 = (2,l)®lo © (l,2)®lo 

© (1,2)©2_ © (1,2) ©2+ (4.45) 
© (1,2)©1__ © (2,1)©1++ . 

Thus the gaugino A^^'^'' decomposes into two U (2) singlets r]^ and Xa[mn] of 4D Weyl 
spinors as well as a doublet 'ipam- 



2, 


1)( 


^lo 


= Va 


• (1,2) ( 


S)lo 




1, 


2)( 


8)2_ 


am ; 


. (2,1)( 


8)2+ 




2, 


1)( 


8 1 — 


— X.a\mn] : 


. (2,1)( 


8 1++ 


— Xofmnl 



(4.46) 

Each of these 4D Weyl spinor flelds has a harmonic expansior§] as in f l4.36|l4.40p and 
combine with the bosonic flelds fl4.36|4.40|4.4ip to form A/" = 1 supermultiplets in 4D 
space time. The bosonic modes 0'^"'^, ^jT', A[ and the fermionic ones r^a'. 



^Here also BPS conditions requires holoniorphic/antiholoniorphic fields on the complex surface. 
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V'dm; ^a[ij] ~ ^ijXa^ together with their complex conjugates combine to form J\f = 1 
supermultiplets valued in the su {Na) Lie algebra. For the zero modes, we have 

gauge multiplets : V = {Af„r]^,f]^) , 

(4.47) 



chiral matter multiplets 



where the upper charges refer to the Ut (1) twisted charge T = J+2R. Similar superfield 
relations are valid for each excitation level. 



5 Engineering F-theory GUT model 

In the engineering of supersymmetric GUT models in the framework of F-theory com- 
pactification on local CY4-folds, one has to specify, amongst others, the base surface 
S. A priori, one may imagine several kinds of compact complex surfaces by consider- 
ing hypersurfaces in higher dimensional complex Kahler manifolds. Typical examples of 
compact complex surfaces S which have been considered in F-Theory GUT literature 
are given by the del Pezzo surfaces dP„ with n = 0, 1, ...,8 obtained by preforming up 
to eight blow ups in the projective plane [371 1321 EH [39] . 

Later on we develop a class of models based on toric manifold involving the complex 
tetrahedral surface of figure ([I]) and its blown ups [lO]. But before that, we want to 
discuss here the dPn based GUT model; as a front matter towards the study of the local 
tetrahedron model. 

We take this opportuinity to study a realization of SU (5) GUT model by using five 
intersecting 7-branes wrapping 4- cycles in the del Pezzo dPs as illustrated by figure ([H]). 



5.1 Del Pezzo surfaces dPk 

Here, we give some useful tools on del Pezzo surfaces; these are needed for the engineering 
of the corresponding SU (5) GUT model based on dPk with 5 < k < 8. 

5.1.1 2- cycle homology of dPk 

The dPk del Pezzo surfaces with k < 8 are defined as blow ups of the complex projective 
space at k points. Taking into account the overall size Tq of the P^, a surface dPk has 
then real {k + 1) dimensional Kahler moduli, 

ro , ri , ... , rfc , (5.1) 
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corresponding to the volume of each blown up cycle [32], |39l HQ]. The dPkS possess as 
well a moduli space of complex structures with complex dimension {2k — 8) where the 
eight gauge fixed parameters are associated with the GL (3) symmetry of P^. As such, 
only surfaces with 5 < A; < 8 admit a moduli space of complex structures. 
The real 2-cycle homology group H2 {dPk, Z) is {k + 1) dimensional and is generated 
by {H, El, Ek} where H denotes the hyperplane class inherited from and the Ei 
denote the exceptional divisors associated with the blow ups. These generators have the 
intersection pairing 

H^ = l , H.Ei = , Ei.Ej = -Si, , i,j = l,...,k , (5.2) 

so that the signature t] of the EI2 {dPk, Z) group is given by diag (H — ...—). 
The first three blow ups giving dPi, dP2 and dP^ complex surfaces are of toric types while 
the remaining five others namely dP^,..., dPg are non toric. These projective surfaces 
have the typical toric fibration 

dPk = X , A; = 1, 2, 3, 

(k) (k) 

with real base B2 nicely represented by toric diagrams A2 encoding the toric data of 
the fibration 



surface S 


: dPo= P2 


dPi 


dP2 


dPs 


blow ups 


: k = 


k = 1 


k = 2 


k = 3 


toric graph 


triangle 


square 


pentagon 


hexagon 


generators 


H 


H ,Ei 


H , El , E2 


H , El , E2 , E2 



(5.3) 



In terms of these basic classes of curves, one defines all the tools needed for the present 
study; in particular the three following: 

(1) the generic classes [E^] of holomorphic curves in dPk given by the following linear 
combinations, 

k 

= UaH - ^ rUaiEi, (5.4) 

1=1 

with Ha and are integers. The self- intersection numbers = • following from 
eqsf l5.4l) and (15. 2p are then given by 

k 

K = nl-J2ml. (5.5) 

1=1 

(2) The canonical class Qk of the projective dPk surface, which is given by minus the 
first Chern class ci (dPk) of the tangent bundle, reads as, 

nk = -(3H-J2EA, (5.6) 
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and has a self intersection number Ql = 9 — k whose positivity requires k < 9. Obviously 
k = corresponds just to the case where there is no blow up; i.e dPo = the complex 
projective plane. 

(3) the degree of a generic complex curve class S = nH — Ylt=i ^i^i in dPk is given 
by the intersection number between the class S with the anticanonical class (— fi^), 

k 

d^ = - (S ■ ilfc) = 3n - ^mj. (5.7) 

i=l 

Positivity of this integer dj^ puts a constraint equation on the allowed values of the n 
and rrii integers which should be like, 

k 

J^mi<3n. (5.8) 

i=l 

Notice that there is a remarkable relation between the self intersection number Y? (15.51) 
of the classes of holomorphic curves and their degrees d^.- This relation, which is known 
as the adjunction formula, is given by 

E2 = 2^-2 + ds, (5.9) 
and allows to define the genus g of the curve class S as 

n (n — 3) nij (rrij — 1) , ^ 

9 = 1+ ^ ^ -E^^ -■ (5-10) 

1=1 

For instance, taking S = 3H; that is = 3 and rrii = 0, then the genus Qsh of this curve 
is equal to 1 and so the curve 3H is in the same class of the real 2- torus. In general, 
fixing the genus g to a given positive integer puts then a second constraint equation on 
n and rrii integers; the first constraint is as in (15. 8p . For the example of rational curves 
with = 0, we have 

S2 = rfE-2 (5.11) 

giving a relation between the degree dj^ of the curve S and its self intersection. For 
dj] = 0, we have a rational curve with self intersection = —2 while for d^ = 1 we have 
a self intersection = — 1. To get the general expression of genus g = curves, one has 
to solve the constraint equation 

k 

^mi{mi-l) =2 + n{n-3) , (5.12) 

i=l 

by taking into account the condition (15.81) . For k = 1, this relation reduces to m (m — 1) = 
2 + n (n — 3), its leading solutions n = 1, m = and n = 0, m = —1 give just the classes 
H and E respectively with degrees dn = 3 and ds = I- Typical solutions for this con- 
straint equation are given by the generic class S„ „_i = riH — {n — 1) E which is more 
convenient to rewrite it as follows = H + {n — 1) [H — E). 
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5.1.2 Link with exceptional Lie algebras 



Del Pezzo surfaces dPk have also a remarkable link with the exceptional Lie algebras. 
Decomposing the H2 homology group as, 



H2 (dP,, Z),>3 



(yik)®Ck 

-3H + Ei + --- + Ek 



(5.13) 



the sublattice Ck = ctk), orthogonal to Qk, is identified with the root space of the 

corresponding Lie algebra Ek. The generators of the lattice Ck are: 



ai = El - E2 



(5.14) 



«fc-i — Ek-i — Ek , 
ak = H — El — E2 — E^ , 

with product ai.aj equal to minus the Cartan matrix Cij (Ek) of the Lie algebra§ E^. 
For the particular case of dP2, the corresponding Lie algebra is su{2). The mapping 
between the exceptional curves and the roots of the exceptional Lie algebras is given in 
the following table 



dPfc surfaces 


exceptional 


curves 


Lie algebras 


simple roots 




dPi 


El 




















dP2 


El, 


E2 






su (2) 












dPs 


El, 


E2, 


E3 




su (3) X su (2) 


ai. 


a2 


as 






dPi 


El, 


E2, 


E3, 


E4 


su (5) 


ai. 


a2 


"3, 






dP5 


El, 


E2, 


E3, 


E4, E5 


so (10) 


ai. 


a2 


«3, 


"4, 




dPe, dPj, dPs 


El, 


E2 


. . . , 


Ek 


Eq, E-j, Es 


ai. 


. .. , 


ak. 


k = 


6,7,8 



(5.15) 



Notice that one can also use eqsf l5. 13115. 14p to express the generators H and {Ei)^^^^f, in 
terms of the anticanonical class Qk and the roots of the exceptional Lie algebra. For the 
case of the del Pezzo dP^, we have the following useful relations 



/ H \ 




/3 


2 


4 


6 


3 


5\ 




/ ^^5 \ 


El 




1 


-2 





2 


1 


3 




ai 


E2 


_ -1 


1 


2 





2 


1 


3 




Cl2 


Es 


4 


1 


2 


4 


2 


1 


3 




"3 


E, 




1 


2 


4 


6 


1 


3 






\E, ) 




V 1 


2 


4 


6 


5 


^) 




\ «5 / 



(5.16) 



^Here E3, E4, and E5 denote respectively 5t/ (3) x SU {2), SU(5) and SO(IO). 
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from which we read the following classes of 2- cycles curves: 

H = ^ (Si^s + 2ai + Aa2 + 60:3 + 3a4 + Sas) , 

H-E1-E3 = ^ (^5 + 2ai + 4^2 + 2^3 + 2^4 - as) , (5.17) 
2H - El - = - - ai - ^2 - as - "5 

5.2 GUT model based on dPg 

In [321 [33], a semi-realistic supersymmetric F- theory GUT model based on del Pezzo 
surfaces dPk surfaces, k > 5, has been constructed. The bulk gauge symmetry in the 
F- theory GUT model is broken down to SUc (3) x SUl (2) x f/y (1) via an internal 
hypercharge flux in one to one correspondence with the roots of underlying exceptional 
Lie algebras (15.151) . Following these seminal works, the chiral matter of the MSSM 
localize on complex curves T^m in the base surface S of the CY4- folds while Yukawa 
couplings localize at specific points V-y in S. On the matter curves T,m, the bulk gauge 
invariance G,- gets enhanced to a rank r+1 symmetry G^+i while at the points it gets 
enhanced to a rank (r + 2) invariance G'r+2- A typical example is given by the figure ([7]) 




Figure 7: This figure is taken from ref [33]: It represents the various matter curves 
and Higgs ones in the SU (5) GUT model based on del Pezzo surface dP^. 4D Yukawa 
couplings live at the intersection of the curves. 

In this subsection, we use this example to develop an explicit realisation of seven brane 
wrapping cycles of the BHV theory for the case of the SU (5) GUT model based on del 
Pezzo dPg. 
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5.2.1 BHV- SU (5) GUT model versus seven branes 

In the SU (5) model, the chiral matter and Higgs superfields as well as their Yukawa 
couplings localize on different curves in the base of the local Calabi-Yau 4- folds. Matter 
and Higgs superfields in the 5 and 5 representations of SU (5) localize on complex curves 
Tjf'^ and Tjf^ where the bulk SU{5) singularity enhances to SU{6) while those in the 

10 and 10 representations localize on curves S^^/*^ and S^^ ^ where the bulk SU{5) gets 
enhanced to 5*0(10). Yukawa couplings localize at four isolated points 

Pi, P2, P3, P4, (5.18) 

in the base where the gauge symmetry gets enhanced either to SU (7), or SO (12) or Eq. 
To engineer the above typical SU (5) GUT model within the framework of the BHV 
theory by using intersecting seven branes, we propose the following: 

(1) We consider F- theory compactified on the local Calabi Yau four- folds along the 
lines of BHV approach, 

Y ^ X4 

i vrs (5.19) 
dPs 

with Kodaira type degenerating fiber Y [32l [36] . 

(2) We assume moreover that there are several singularities in the fiber Y with different 
degeneracy types and different loci in dPg. At these loci live stacks of seven branes 
wrapping del Pezzo surfaces. These seven brane stacks are as follows: 

(a) A bulk seven brane wrapping (iP4 C dPg where the fiber Y has an SU (5) singularity. 
We refer to this bulk seven brane like {7Bgut)su{5) = {'^Bgut)^] it is given by the 
horizontal 7- brane depicted in the figure ([HD 

(b) Together with this GUT seven brane, we have four more seven branes intersecting 
the GUT brane along curves as shown on the figure ([8]). 

To engineer these seven branes, we use the fact that dPg may be obtained from the 
surface dP^ by performing up to four more blow ups at generic points in dP^. These 
blow ups generated by the exceptional curves, 

E5 , Ej , Eg , Eg , (5.20) 

together with the complex curves S-'^'' and and ^ of the figure (IHl) allow 
to determine the wrapping properties of the seven branes. We have: 
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Figure 8: Brane representation of SU (5) GUT model. The horizontal brane is the GUT 
brane; it intersects four other branes along matter curves describing chiral matter. 



(i) a first seven brane wrapping the complex surface blown up of the curve, 

E5 Ca 

i TTa (5.21) 
y^(l) 

with base t!-^^ given by the following matter curvi^ in dP^, 

=2H -El- E4, (5.22) 

and where the fiber Y has a type Ii geometry on Ca- On this seven brane lives a 
Maxwell gauge supermultiplet with f/a (1) gauge invariance. We will refer below to this 
seven brane as {7B)^; see also the figure ([8]). The non compact direction of the {7B)^ 
brane fill the 4D space time while the four compact ones wraps Ca- 

(ii) a second seven brane (7i?){, wrapping the local 4- cycle 

{E,-nEe) ^ a 

i -Kb (5.23) 

with n being an integer and the base same as the BHV SU(5) model, 

= {H-Ei- E,) (5.24) 



^°Notice that in the curve E^f'' been taken as 2H — Ei — E5. By performing the change 
E4 ^ E5, we get the same result. 
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and where Y has as well a type Ii geometry. 

(iii) a third seven brane {7B)^ with a Uc (1) gauge symmetry wrapping 



i TTe (5.25) 

where = — Ei — E^) and where rrii are integers which can be determined by 
solving the brane intersection condition. 

(iv) a fourth seven brane {7B)^ with af/^ (1) gauge invariance wrapping 

ihE^ + k2Ee - k2Er - hEs) -> 

V(2) 

(2) 

with Ey = H and where the fcjS are integers. 

These branes intersect with the GUT branes along matter curves where the gauge singu- 
larity gets enhanced either to SU (6) or SO (10). But, there are also branes intersections 
at four isolated points in the GUT branes as shown on the figure ([H])- At these points, 
the gauge symmetry gets enhanced to one of the following rank six gauge groups, 

SU{7) , 50(12) , E, , (5.26) 

with the following typical breakings, 

SU{7) SU{6)xUi{l) 5f/(5) X f/i (1) X f/2 (1) , 

50(12) ^ SO (10) xU[{l) SU{5) xU[{l) xU!^{l) , (5.27) 

Ee SO (10) X f/f (1) ^ SU (5) x f/f (1) x f/^' (1) . 

The decomposition of the adjoint representations of these groups namely the 48 of the 
SU (7) group, the 66 of the SO (12) symmetry and the 78 for Eq, give the bi- fundamental 
matters that locahze on the curves , and S^-* for each group Gq. Below, we give 
some details on the Yukawa tri-couplings that are invariant under these groups. 

Yukawa couplings at SU (7) point 
The SU (7) point is an isolated singular point in the surface S where three matter curves 
El, ZI2 and S3 meet. The geometric engineering of the SU (7) point in S is obtained 
by starting from a SU (7) singularity in the fiber Y of the Calabi-Yau four-folds and 
switching on a Ui (1) x U2 (1) bundle. The Ui (1) x U2 (1) fluxes give vevs to adjoint 
matter in the bulk theory 

(0) = tiHi + t2H2 (5.28) 
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with Hi and H2 being two Cartan generators of SU (7) / SU (5) and induces a geometric 
deformation in the fiber, 

= u'^ + (z - ti) {z - ta) (5.29) 

where ti and ^2 are two complex moduh. This geometric deformation induces as well a 
deformation in the base surface leading to rotation of the branes. 

Notice that for ti = 0; but ^2 7^ and t2 = 0; but ti 7^ the SU (5) singularity (15.291) gets 
enhanced to SU (6) while for ti = ^2 7^ 0, it gets enhanced to SU (5) x SU (2). Notice also 
that for the particular case ti = ^2 = 0; that is when the Ui (1) x U2 (1) fluxes are switched 
off; these singularities gets further enhanced to the SU (7) singularity f ^ = + 2''. 
To get matters at brane intersections, we decompose the adjoint representation 48 of 



epre 

B 



SU (7) in terms of representations of SU (5) x Ui (1) x U2 (l) namelj 

(5.30) 



48 = lo,o © lo,o © 24o,o 



© (5o,-6 © 5o,6) © (5-7,-1 © 57,1) © (17,-5 © 1-7,5) • 

In addition to the usual uncharged adjoints, we have moreover the following bi-fundamentals: 

(a) Four matter fields in the fundamental representations of SU (5): 

(i) two matter fields with charges (0, =f6); one in the 5o,-6 and the other in the conjugate 
representation 5o,6- Matter in these representations localize on the curve Si associated 
to ±6t2 = 0. 

(ii) two more matter fields with charges ± (7, 1); one in the 5_7^_i representation and the 
other in the conjugate 57^1. They localize on the curve S2 associated to ± (7ti + ^2) = 0. 

(b) Two SU (5) matter singlets with charges (7, —5) and (—7, 5) localizing on the curve 
S3 associated to ± (7ti — 5^2) = 0. 

The SU (5) X Ui (1) x U2 (1) gauge invariant Yukawa tri- couplings is given by the fol- 
lowing fields overlapping: 

5-7,-1 © 5o,6 © 17,-5 , 

5o,-6 © 57,1 © 1-7,5 

Upon using the following fields identification 

5hu = 5-7,-1 , 5m = 5o,6 , Ix = 17,-5 , (5.32) 

the three fields overlapping engineer the Yukawa coupling term 5^;^^ x 5m x Ix originating 
then from points Psu{7) in the base surface 5* where the SU{5) singularity gets enhanced 
to a SU (7) singularity. 

This analysis extends directly to the SO (12) and Eq gauge symmetries. Let us give some 
brief details. 



^^To get the decomposition (|5.30p . we have solved the traceless condition of the fundamental repre- 
sentation of SU (7) in terms of SU (5) x U^ (1) as 7 = 5-i,-i + l6,o + l-i,5 
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Yukawa couplings at SO (12) point 
First, recall that the SO (12) singularity f ^ = u^z + a^z^ may be broken down to SU{5) 
by using two non zero vevs t[ and like, 

{^')=t[H[ + t',H!, (5.33) 

with t'l and captured by two local Cartan H[ and H2 generators of so (12) Lie algebra. 
Under a one parameter deformation by (0') = t[H[ {t'2 = 0), we can either break the 
SO (12) singularity down to SO (10) or down to SU (5) x SU (2). By switching on the 
second deformation (tg 7^ 0), we can break further the above singularity down to SU{5) 
described by the following relation 



V = [u 



t\) {u - t'2) z + a^z^. (5.34) 



Under the 50(12) gauge symmetry breaking down to 5*0(10) x U' {1), the adjoint 
representation 66 decomposei^ as Iq + 45o + IO2 + 10_2 and by switching on the second 
flux, the SO (10) X f/' (1) representation break further down to representations of SU (5) x 
U[ (1) X U2 (1) as given below, 

66 = lo,o + lo,o + 24o,o 

- , , - , (5.35) 

(52,2 + 5_2,-2) + (5-2,2 + 52,-2) + 10o,4 + 10o,-4 • 

This decomposition involves two kinds of bi-fundamental matters, (a) Matter in 52,2 and 
5-2,2 representations which localize on the curves in the 2 (t[ ±^2) =0 and (b) matter 
in the 104,o localizes on ±4t'i = 0. 

The SU (5) X U[ (1) x U2 (1) gauge invariant Yukawa couplings one can write down by 
the combination of three matter flelds is as follows: 

5+2-2 ® 5_2 -2 ® 10o,+4 , 
5-2,+2 ® 5+2,+2 ® 10o,-4 • 

Upon using the following fields identification 

= 52,-2 5 5j\/ = 5__2,-2 5 10m = 10o,+4 , 

the three fields overlapping engineer the Yukawa coupling term 5//^ x 5j\/ x 10m originating 
then from points Psoiu) in the base surface S where the SU (5) singularity gets enhanced 
to a SO (12) singularity. 



^^To get the decomposition of the adjoint of SO (12) in terms of representations of SO (10) x U (1), 
we have used the spUtting 12 ~ IOq I2 © 1-2- To get the decomposition in terms of SU (5) x (1) 
representations, we have used as weh the sphtting 12 = 5o,2 © 5o,-2 © l2,o © l-2,o- 
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Yukawa couplings at Eq point 
In the same manner, under the breaking of the Eq gauge symmetry down to SO (10) x 
U (1), the adjoint representation 78 decomposes as Iq + 45o + 16_3 + I63 and by a further 
breaking down to SU (5) x f/(' (1) x U2 (1) we get: 

78 = lo,o + lo,o + 24o,o+ 

15,3 + 1-5,-3 + 5-3,3 + 53,-3 + 10-1,-3 + 10l,3 + 104,0 + 10-4,0 , 

where matter in the 53,-3 and 53, _3 locahzes on the curve (t" — = and matter in 
the 10_i,_3 and 104,0 as well as their conjugates 10i,3 and 10_4,o localize on the curves 
(t'l + 3t'^ = and t'l = 0. 

The SU (5) X f/" (1) x U2 (1) gauge invariant Yukawa couplings at the Eg point is given 
by the following three matter fields interactions: 

5_3,3 ® 10-1,-3 ® 104,0 , 3gx 
53,-3 ® T0i,3 ® TO-4,0 • 

By using the fields identification 

= 5-3,3 , 10m = 10-1,-3 , 10a/ = 104,0 , 

the three overlapping fl5.38p engineer the Yukawa coupling term 5h^ x 5m x 10m origi- 
nating then from points in the base surface S where the SU{5) singularity gets enhanced 
to a Eq. 

We end this study by giving more explicit expressions of the complex curves on which 
matter localize. Following [321 [33] and using fractional bundle idea, the configuration of 
the matter curves that engineer a quasi-realistic F-theory SU (5) GUT model based on 
dPg are as follows: 

(i) the Higgs up 5h^ and the Higgs down are placed on two distinct matter curves 

and E^'' which intersect at a point in dPg. 

(ii) the three generations of the fields in thelOM are placed on one self -intersecting 

(iii) the three generations of the fields in the 5m are placed on one smooth which 
does not self-intersect. 

The matter content of this supersymmetric SU (5) model and the corresponding frac- 
tional bundle assignments are collected in the following tabl^, see also footnote 9: 
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In [33] , this matter field configuration in terms of curves in dPs was named Model II. 
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Model II 


curve 


class 


9s 






1x5// 
1x5// 
3 X 10m 
3 X 5m 


yid) 

yW 

ym 


H — El — i5/3 
H — El — E^ 
2H — El — Eii 
H 








(1) 
4^.) (-1) 


(1) 
(-1) 

C (1) (3) 

Cy{2) (3) 



(5.39) 



where qy. stands for the genus of the matter curves. The geometrical figure representing 
the various matter curves in this SU (5) model are depicted in figure ([7]). 
The J\f = 1 chiral superpotential Wsu{5) capturing the intersections of the various matter 
and Higgs curves is given by 



5// (g) . 

+ I]i,a ^ia^ 5// 



'M 



10 



M 



'M 



(a) 



log ® 10^1 



R 



+ X[^J <l>®5//®5// 



(5.40) 



where the moduli A^:^-* stand for Yukawa coupling constants. Notice that the interaction 



term 5//(S>5g ®N^' leads to a two-fold enhancement in rank to an SU (7) singularity so 
that the singlet N^^^ may be identified with the right-handed neutrinos. The interaction 
term $ 5// ® 5// with vev ($) determines the supersymmetric fi- term [33l 135]. 
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6 Quiver GUT models on tetrahedron 

In this section, we set up the basis for constructing a class of quiver GUT like models 
embedded in F- theory on CY4- folds by using the toric geometry of the complex tetra- 
hedral base surface. The key idea behind this construction stems from thinking about 
the abelian gauge factors appearing in eqs fl5.27l) as given by the toric symmetry 

f/(l)xf/(l) (6.1) 

of the complex tetrahedral base surface T. Denoting by (si,S2) the local holomorphic 
coordinates of T, this toric symmetry is given by, 

^ C'" • (6.2) 

with 6i and 62 being the gauge parameters. This abelian group action has degeneracy 
loci on the edges T^at and at the vertices Pabc of the tetrahedron ([T]). 
In this section is organized into three parts, we study in the two first ones the geometry 
of local Calabi-Yau four-folds based on T as a matter to get a more insight of such a 
particular geometry. In the third subsection, we construct three quiver SU (5) GUT- 
like models embedded in F- theory on the tetrahedron based CY4s. GUT-like models 
building using blown ups of tetrahedron will be considered in the next section. 
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6.1 4-cycles in CY4- folds 

We begin by recalling that real 4- cycles in Calabi-Yau 4- folds play an important role 
in the engineering of F-theory GUT models. The seven brane living at the elliptic 
singularity of the Calabi-Yau four folds has four non compact directions filling the 4D 
Minkowski space time and four compact directions that wrap compact real 4-cycles in the 
base of X4. Generally speaking, the Calabi-Yau 4- folds has an elliptic curve E fibered 
on a complex three dimension base B3, 

E — > X4 

i vr, (6.3) 

but it is locally handled as a ADE geometry fibered on a complex surface S. Indeed, 
defining the elliptic fiber E by a cubic in the complex plane with coordinates as usual 
likS v^ = dn^ + eu^ + fu + g , a.n explicit expression of X4 is obtained by fibering the 
cubic on the base B^; i.e. 

The complex variables {wi, W2, w^) are local holomorphic coordinates parameterizing the 
complex three dimension base while V (w), S (w), J-" (w) and Ti (w) are tri- holomor- 
phic functions whose explicit expressions depend on the type of the ADE singularity 
living in the CY4- folds. 

6.1.1 Factorization 

By breaking the U (3) group structure of the tangent bundle of the complex three di- 
mension base TB^ down to the subgroup U (2) x U (1), we can locally split TB^ like, 

TB3 ^TS® (TS)^ , (6.5) 

where TS the tangent bundle of S with group structure U (2) and where (TS)"*" is the 
normal codimension one bundle in TB-^. Under this decomposition, the fibration (16.41) 
can be reduced down to the simple form 

^= d(z)u3 + e{z)n^+ i{z)n + g (2) , (6.6) 
^"^In the Weierstrass form of the eUiptic curve, we have d = 1 and 6 = 0. 
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where = ^{si,S2) 7^ is a holomorphic function on the complex surface 5*. In this 
case, the local CY4- folds is thought of as 

Y — ^ X4 

i vr, (6.7) 

S 

where Y is an elliptic local K3 surface with a given ADE geometry; i.e Y E x T with 
r being a projective line or a collection of intersecting P^s. Comparing eq fl6.4l) to its 
equivalent form (16.61) . we get the following relations, 



'D{wi,W2,W3) = 'd{si,S2) X d{z) 
£{101,102,10^) = 'd{si,S2) X e{z) 



(6.8) 



J^{wi,W2,W3) = (Si, S2) X f (2:) , 
g{wi,W2,W^) = 1^{si,S2) X g{z) , 

where the holomorphic functions V (w), S (w), (w) and Q (w) get factorized in terms 
of products of the holomorphic functions (s) on the complex surface S and the holo- 
morphic functions d{z), e (z), f {z) and g {z) on the normal line to the surface 5* in the 
complex base B3. 

In the case where the complex surface S in the local CY4- folds has several irreducibli^ 
compact components Sa like, 

M 

C4 = U Sa, (6.9) 

a=l 

the factorizations (16. 8p apply to each component Sa- 

Notice that the irreducible 4- cycle components Sa, describe as well compact complex 
surfaces in the Calabi Yau 4- folds that are locally parameterized by the complex coor- 
dinates (Sma)i<a<„, i-C: 

51 = {Sii,S2l} , 

52 = {Sl2,S22} , 

• ) 

Sm = {sim,sim} ■ 
Extending the factorizations (16.81) to each component Sa, we can write, 

1^ = ^ {Sia, S2a) X d (Za) , 

£ = ^ (Sla, S2a) X C (Za) , 

^ ='& (Sla, S2a) X fj {Za) , 

Q ='& (Sla, S2a) X h (z^) , 



(6.10) 



(6.11) 



^^In the case where the base surface has several irreducible 4- cycles Sa, one has to specify the 
intersections Sa H Sh as well as the fibration of the ADE geometry; see below. 
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with Za parameterizing the normal direction to Sa in B-^. Notice in passing that the 
geometry of the B3 base of the Calabi-Yau 4- folds is a httle bit complicated. Because 
of cycles intersections, the splitting (16.51) is not trivial. 

Focusing on the 4- cycles in the complex surface (16. 9p . the irreducible compact compo- 
nents Sa have intersections captured by the following typical relations, 

5*0 n Sf, = M ^ab^ct , '^ab — ^ba ; 

(6.12) 

M" 

where and Pa stand respectively for 2- and 0- cycles in the local Calabi Yau 4- 
folds. The intersection numbers T"^, and fix also the manner in which the Sa 's are 
glued together. Moreover, the complex coordinates (si^, S2a) and {sn,, S2b) of any two 
intersecting cycles Sa and Sb are obviously related by holomorphic transition functions 
as usual. 



6.1.2 Toric surfaces and blown ups 

So far, we have been describing general geometric features of the base surface of the 
local Calabi Yau 4- folds. A particular class of these surfaces have been considered in 
the previous section; these are the del Pezzo surfaces dP^ with their remarkable links 
with: 

(1) the projective plane and its blown ups, 

(2) the finite dimensional exceptional Lie algebras En- 
Here, we want to contribute to this direction by studding a particular class of complex 
surfaces that may play the role of the base 5* of the local Calabi Yau 4- folds. This class 
of complex surfaces share basic features of the projective plane 

p2 = dPo 

and the del Fezzos dP^, but has also the property to allow more possibilities. We will 
distinguish two kinds of surfaces: 

(a) complex tetrahedral surface T and its toric blown ups T^""'^, 

(b) non toric blown ups 7^"°" of the tetrahedral surface T. 

Below, we focus our attention on CY4- folds based on the complex tetrahedral surface 
and its toric blow ups T^°"'^. 
Toric surfaces 
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Toric surfaces S, which can be thought of as the fibration, 

^ S 

i (6.13) 

Bs 

with real two dimensional base Bs and fiber T^, form a particular generalization of the 
projective plane dPo. These surfaces have special features that are nicely engineered by 
using toric geometry property encoded in a toric graph As- The simplest toric surface 
is obviously given by the compact (IPq; its toric graph is 

AdP, = triangle [ABC] . (6.14) 

Recall that dPo is defined as the projective plane in the non compact complex three 
dimension space like, 

dP = I (^i'^2,a;3) = (Axi, Ax2, Axs) 1 
°~ \ (a;i,a;2,X3)^ (0,0,0) J 

with A a non zero complex constant. This compact surface has also a nice supersymmetric 
linear sigma model representation given by 

kil^ + 1x2!^ + Ixsl^ = r (6.16) 

with the gauge identification Xi = e*^Xj and where r is the Kahler parameter. Other 
complex surfaces directly related to dPo are given by the toric blown ups dPi, dP2 and 
dPs whose toric graphs A^p^, A^p^ and A^p.^ are depicted in the figure ([9]). 





Figure 9: Toric graphs for dPo , dPi and dP2. 



Complex two dimension toric surfaces may be also engineered by using embedding in 
complex higher dimensional projective spaces P" with n > 3 thought of as given by the 
fibration 

i vr,„ (6.17) 
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An interesting class of toric surfaces that we are interested in here is given by the complex 
tetrahedral surface T and its toric blown ups T^""'^. Let us consider first the non planar 
toric surface T with fibration 

^ r 

i (6-18) 

A, 

A nice way to define complex tetrahedral surface T is in terms of divisors of the complex 
three dimensions projective space 

(Xi, X2, X3, X4) = (Axi, AX2, AX3, AX4) 

(a;i,X2,a;3,X4) 7^ (0,0,0,0) 

with A G C*. Being a toric three- folds, the complex space may be also defined in 
terms of the supersymmetric linear sigma model D- equation like, 

4 

P^:^|xi|^ = i? , Xi = e'^Xi , (6.20) 

2=1 

where R is the Kahler parameter of P^. Irreducible divisors 5'^ in the space P^ are 
complex surfaces generated by the equation Xa = 0. There are four such divisors in P'^ 
which form altogether the complex tetrahedron depicted in figure (JTOll . 




Figure 10: A toric complex surface given by the union of four intersecting projective planes 
forming a toric tetrahedron. Each face of the tetrahedron corresponds to an irreducible divisor 
Si- For instance 6*4 corresponds to the toric triangle [P1P2-P3] corresponding as well to a toric 
representation of the projective plane. 

The complex tetrahedral surface T has some particular features which we describe below. 

(a) Link between T and P^ 
The complex tetrahedral surface T has the tetrahedron A7- as a toric graph; it is then a 
natural extension of the projective plane P^ = dP^ whose toric graph is a triangle f l6.14p . 
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Since the tetrahedron Ar has four intersecting triangle faces; the non planar surface T 
involves then four intersecting projective planes 

Fl = dPl^"^ , a=l,...,4 . (6.21) 

Using the link between the projective plane and the del Pezzo surfaces, we may refer to 
the complex tetrahedral surface T as follows 

% = dPk,MMM , {ki,k2,h,h) = {0,0,0,0), (6.22) 

where the four integers (^1,^2,^3,^4) refer to the number of blow ups of the faces of 
the non surface T. Notice that these blow ups form in fact just a particular family of a 
larger one. A way to see this feature is to focus on toric singularities where tetrahedron 
involves both at its edges and its vertices; for useful details see below but for an explicit 
study regarding these blow ups see |40j. 

(b) Tetrahedron and gauge enhancements 

As a toric surface, the tetrahedron T ~ x has a natural U"^ (1) symmetry on 
with fix points on the following loci: 

(i) the six edges of the toric surface T where a 1-cycle of shrinks to zero, 

(ii) its four vertices where 2- cycles shrink to zero. 

The U (1) X U (1) toric gauge symmetry of the fiber of the toric surface T may be: 

• interpreted in terms of two wrapped seven branes {7B)^ and {7B)'^, 

• used to engineer the enhancement of gauge symmetry along the edges and at the 
vertices of the tetrahedral surface. 

(c) Blown ups of the tetrahedron 

Mimicking the relation between the projective plane dP^ and the del Pezzo surfaces dP^, 
and using the relation between the complex tetrahedral surface T and the complex pro- 
jective plane, we can perform blow ups of the toric surface T. Generally, we distinguish 
two kinds of blow ups: toric blow ups and non toric ones [lO]. Regarding the toric blow 
ups, one has to distinguish as well two classes of blow ups: 

(i) blow ups by projective lines of the edges T^ah of the tetrahedron, 

(ii) blow ups of the vertices Pabc by projective planes. 

Regarding the edges, the bow up at each point on a edge S is done in terms of projective 
line P^. As such the blow up of the full edge E ~ is given by a del Pezzo surface dPl: 

S ^ dPi ~ X . (6.23) 

Concerning, the blow up of each vertex of the tetrahedron, it is done by a projective 
plane P^; for illustration see figure dHl). 
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To avoid technicalities, it is enough to notice that for each plane associated with a 
given face of the complex tetrahedral surface T, one may perform up to eight blow ups 
as given below, 

P^ = dPo^") dPl'^^ , ^„ = l,...,8,a=l,2,3,4 . (6.24) 

In doing so, we a priori get the following blown up surfaces of the tetrahedron, 

%i = dPk^^k2MM ' n = ki + k2 + h + , ka = l,...,S . (6.25) 

Clearly, these complex surfaces give generalizations of the del Pezzo ones which are 
recovered by setting three of these integers to zero to get rfP^j ^0,0,0 by taking ki — k2 — 
ks — 0. Explicit examples will be given in section 7. 

6.2 More on tetrahedron geometry 

We first describe subspaces in the complex tetrahedral geometry where the bulk gauge 
invariance in the GUT seven brane undergoes transitions. Then we build explicitly the 
local Calabi Yau 4- folds based on the tetrahedral surface T. 

6.2.1 subspaces in tetrahedron 

In the complex tetrahedral geometry, the 4-cycle C4 is given by the union of four inter- 
secting components 5*1, 5*2, S3 and 6*4 

C4^Si[jS2[jS3[jS,, (6.26) 

where the compact toric surfaces iSa)i^a<4: ^'^^^ intersecting complex projective sur- 
faces belonging to four different planes of the complex three dimension space P^. We 
have the relations: 

5"! n 5*2 = S(12) , 5*2 n 5*3 = S(23) , 

>Sin,S3 = E(i3) , 52n>54 = E(24) , (6.27) 
SiO S4 — E(i4) , 5*3 n 5*4 = E(34) . 

Moreover, since the complex tetrahedral surface is toric, all the edges T,(ab) are precisely 
given by projective lines P-*^. Furthermore, seen that the tetrahedron is compact, these 
projective lines T^^ab) intersect mutually at four points Pa in the base of the local Calabi- 
Yau 4- folds. 



S(23) 


n S(24) 


= S(23) 


n S(34) 


= S(24) 


n S(34) 


= Pi 


S(14) 


n S(34) 


= S(i3) 


n S(34) 


= S(i3) 


n S(i4) 


= P2 


E(12) 


n S(24) 


= E(i4) 


n S(24) 


= S(i2) 


n S(i4) 


= P3 


S(12) 


n E(23) 


= S(i3) 


n E(23) 


= S(i2) 


n E(i3) 


= Pa 



(6.28) 
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Using eq fl6.27l) . these intersecting points may be also viewed as the intersection of three 
faces as shown below 

5*2 n 5*3 n 5*4 = Pi , 

' 6.29 

5in52n54 = Ps , 
5in52n54 = P4 • 

Tetrahedron geometry has other remarkable properties; in particular each face Sa of the 
tetrahedron has a toric fibration 



Sa 

As 



(6.30) 



with real two dimension base A^^ represented by a triangular toric graph and a fiber 
'^a = X ^ = 1;2,3,4, whcrc the S^s are associated with the Ua (1) toric actions. 
Notice that these toric fibers are not the same for all the faces Sa', they change from 
a Sa to an other Sb, but intersect along a 1- cycle §^^. Thus, given two faces Sa and Sb 
with intersecting curve, 



Sa n Sb 



(6.31) 



we have the following. 



subspaces 


2d- base 


2d-fiber 


toric action 


Sa 
Sb 

S{ab) 


A5„ 

A5. 

AE(„6) 


X ^Ib 

Sib 


Ua{l)xUab{l) 
Ubil)xUabil) 
Uabil) 



(6.32) 



The toric fibers x E>1^ degenerate once on the projective edges T,(^ab) and degenerate 
twice at the four vertices P^. Notice that the 1-cycles and E>1 shrink to zero on T^i^ab) 



Si 



ab 



Safe 

A^ 



(6.33) 



Furthermore, the cycle shrinks down to zero at the meeting point of the two curves 

S(a6) and T,(^ac)- 

With these tools at hand, we turn now to build the explicit expression of the algebraic 
equation of the local elliptic Calabi-Yau 4- folds based on the tetrahedron. 
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6.2.2 Local tetrahedron 



In toric language, one may directly read the intersections in the base of the elliptically 
K3 fibered Calabi-Yau four- folds, 

Y — > 

i vr^ (6.34) 

r 

Using the irreducible SqS, the complex tetrahedral surface may be defined as 

r = 5i|J^2|J'53U'54 , (6.35) 
with the following intersections, 

Saf^Sb = , a < 6 = 1,. ..,4 , 

SaHSbHSc = P{abc) , a <b <c 

Being a toric surface, the toric fibration of the tetrahedral surface T 
not homogeneous; it decomposes in terms of the toric fibrations, 

^ ~ U(^.. XT') ' (6-37) 

with toric graph given by the figure (ITOl) . From this toric graph, one can directly read 
the toric data of each component Sa and then those of T. 

In the toric graph picture of the complex base, the local Calabi-Yau four- folds X4 may 
be thought of as fibering on each point of a complex three dimension fiber Z given 
by the 2-torus times the the complex two dimension fiber Y. Roughly, we have 

X4 ~ T xY ~ A^x Z , (6.38) 

with Z ~ T2 xY. 

T 

Below, we construct the explicit expression for X4 as a complex 4 dimension hypersurface 
in the complex space C^. First, we give the algebraic equation of the complex base 
tetrahedron T. Then, we study the fiber singularity on the edges T,(^ab) and at the 
vertices P(abc) of the tetrahedron. 
Base surface T 

Since the four irreducible components Sa of the complex tetrahedron are given by different 
projective planes in C^, we start by introducing the projective coordinates of the complex 
three dimension projective space P^, 

(xi, X2, X3, X4) = (Axi, Ax2, Ax3, AX4) , (6.39) 



(6.36) 
~ xTl is 
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with projective parameter A G C* and (xi, X2, xs, X4) 7^ (0,0,0,0,0). The tetrahedron 
surface is engineered by thinking about the compact surfaces Sa as the planar divisors 
of 



Xn 



Xn 6 







1,2,3,4. 



(6.40) 



As noticed earher, this representation has an equivalent description in the supersymmet- 
ric linear sigma model set up of toric manifolds. There, the divisors Sa are given by the 
standard D- term equations 



Xb 



R 



Xb 



(6.41) 



where R is the Kahler parameter of P^ and e*^ is the U {1) compact part of the gauge 
transformation (16.391) . 

In the mirror complex holomorphic description, it is not difficult to see that the complex 
algebraic equation describing the base manifold T of the local Calabi-Yau 4- folds is 
given by the following complex two dimension surface in the projective space P3, 



/i 



n 



\a=l 



Xn 



HX1X2X3X4 



0. 



(6.42) 



In this relation, is a complex number and the divisors Sa are precisely given by the 
solutions of this relation. This equation may be viewed as well as the large complex 
structure limit (/i 00) of the quartic 



+ Sj=l {^jT^l^niTti^ijlinXjXlXrn^ 



+ IJ,XiX2XzX4^ 







(6.43) 



where the Aj's, -Bj/s, Cij^'s and Dijim^s are complex structures. In mirror geometry, the 
divisors Sa are explicitly given by. 



Si 
S2 
S3 

s. 



{(X2,X3,X4) = (AX2, AX3, AX4)} 

{(Xi,X3,X4) = (Axi, AX3, AX4)} 

{{xi,X2,X4) = {Xxi, XX2, XXi)} 

{{xi,X2,X3) = {Xxi, XX2, XX3)} 



P2 
Pi 

n 
n 



(6.44) 



with the C* action generated by the complex parameter A inherited from the projective 
action of the P'^ space. Similarly, the intersections Sa^i Sb = ^{ab) can be determined 
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explicitly from above relations. These are given by the following projective lines in P^, 



S(12) 


= {{X3,X4) 


= (AX3, AX4)} 


= ¥{ 


S(13) 


= {{X2,X4) 


= (AX2, AX4)} 


= pi 


S(14) 


= {ix2,X3) 


= (AX2, AX3)} 




S(23) 


= {iXi,Xi) 


= (Axi, AX4)} 


= Pi 


S(24) 


= {(Xi,X3) 


= (Axi, AX3)} 


= n 


S(34) 


= {ixi,X2) 


= (Axi, AX2)} 


= n 



Their supersymmetric linear sigma model description may be directly deduced from 
eqsf l6.41() by putting to zero two of the four variables. 

Finally, the intersections of these curves are given by points in T. Up on making an 
appropriate choice of the C* action, these points may be taken as. 

Pi = (1,0,0,0) , 
A HO, 1,0,0) , 
P3 = (0,0,1,0) , 
P4 = (0,0,0,l) . 

Fibering Y over the base T 
Using the above analysis, we can now write down the explicit algebraic relation defining 
the local Calabi Yau four- fold based on the tetrahedron T. In the large complex struc- 
ture limit /i ^ 00, the local elliptic Calabi- Yau four- folds may defined by the following 
algebraic relations, 

4 



with the singular term v^ given by, 

— [di (z) u^ + Bi (z) u^ + ii (z) u + hi (z)] 



v^ 



• -, Xi 
1=1 



4 I 



1>J=1 ■' 
4 



These holomorphic relations involve several terms which deserve some comments. 

(1) Since Yl\^^xi = as required by the defining relation of the tetrahedron, then eqf l6.47l) 
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is non trivial unless if v has poles so that the product v x Ilf^^xi make sense, that is 

4 

v^xjjxi finite, (6.49) 

1=1 

in the limit Xk ^ 0. 

(2) Since Hf^iXi = has simple, double and triple zeros, then the poles in should be 
of three kinds: simple, double and triple, 

,111 , , 

- — + — + -+ 6.50 

^jC ^jC oc 

where the dots stand for irrelevant regular terms. 

(3) the simple poles are located at a;a = and so are associated with the divisors Sa- 
These simple poles correspond to the first terms in eq fl6.48p . Upon multiplication by 
^t=i^h we get cubic monomials XiXjXk- More explicitly, this term reads as. 



+ X2X3Xi[di{z)u^ + ei (2;) u^ + fi (z) u + h.i{z)]5{xi) 

+ X1X3X4 [6.2 (z) u^ + e2 (z) u^ + f2 (z) u + h2 (z)] 6 {X2) 

+ X1X2X4 [da (z) XT' + es (z) u^ + fs (z) u + hs (z)] 5 (xa) 

+ X1X2X3 [d4 (z) u^ + e4 (z) u^ + f4 (z) u + h4 (z)] 5 {X4) 



(6.51) 



where we have added the Dirac delta function 6 (x^) to refer to the divisor Sa in question. 
Furthermore, the extra term between brackets, namely 

v'^ = da (z) u^ + e, (z) u^ + fa (z) u + h, (z) (6.52) 

where we have set 

~,2 _ 



captures the way the fiber Y degenerates on Sa as a locus. In the SU (5) GUT type 
model, eq fl6.52p takes the form 

y'^ = + zliZa - tal) {Z - ta2) , = 1,2,3,4, (6.53) 

where tai and ta2 are vevs as in eq fl5.28l) . 

(4) the double poles are located at = = and are associated with the complex 
curves T,(ab) = Sad Sb- These double poles correspond to the second term in eqs( 16.48p . 
Up on multiplying by (n^=iXf,), one ends with quadratic monomial XaXf, associated with 
the six matter curves S(a6)- 

Moreover, the elliptic curves fibered on the matter curves S(a6) namely 

y'af, = d(ai,) (z) u^ + e(afe) (z) u^ + i{ab) (z) u + hf^ab) (z) , (6.54) 
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with v^, = (y'^XaXb) I (n^^^Xc), capture the one- fold enhanced gauge symmetry. 

(5) the triple poles located at = x;, = Xc = are associated with the vertices of the 

tetrahedron. Furthermore, the elliptic curves fibered on the vertices of the tetrahedron 

^'Ihc = d(afec) (z) U^ + e^abc) (z) U^ + f(a6c) (z) U + h^abc) (z) , (6.55) 

with v'^f^^ = (v^XaXfoXc) / (Jlf^iXi), capture the two-fold enhanced gauge symmetry namely 
50(12), Eq and SU (7). 

6.3 SU (5) Quiver models 

In this subsection, we consider F-theory on local Calabi-Yau 4- folds based on tetrahedron 
and we construct a class of three kinds of 4D M = 1 supersymmetric SU (5) quiver GUT- 
type models. By using the SU (5) group as a gauge invariance on the surfaces Sa of the 
tetrahedron, we distinguish three models according to the gauge enhanced symmetry 
that live at the vertices of the tetrahedron. These unrealistic models have respectively a 
SU (7), a 5*0 (12) or a enhanced invariance. 

6.3.1 5f/ (7) vertex 

The quiver gauge diagram of the 4D M = 1 supersymmetric SU (5) GUT-type model 
with a SU (7) enhanced gauge symmetry is depicted in figure ( fTTl) . 



SU{7J 




SU{7J 



SU(7} 

Figure 11: Quiver gauge diagram for SU (5) GUT- like model with SU (7) enhanced 
gauge symmetry at the vertices. 
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The SU (7) symmetry at the vertices of the tetrahedron breaks down to subgroups on 
the edges and the surfaces. The simplest 4D A/" = 1 supersymmetric SU (5) GUT- type 
model one engineers from the SU (7) singularity involves the Yukawa couplings f l5.3ip . 
The chiral superfields configuration of the model reads as: 



chiral superfields 


SU (5) X f/2(l) 


number 


Matter like 




4 


Higgs like $h 




4 


Neutino like 


1-7,5 


4 



(6.56) 



These superfields follow from the decomposition of the adjoint representation 48 of the 
enhanced gauge symmetry SU (7) living at the vertices of the tetrahedron in terms of 
representations SU (5) x f/^ (1) group as shown below, 



(6.57) 



48 = lo,o © lo,o © 24o,o 

© (5o,-6 © 5o,6) © (5_7,-i © 57,1) © (17,-5 © 1-7,5) ■ 

From this decomposition, we see that one can build several tri-coupling gauge invariant 
terms; These are given by the following tri- couplings 



(6.58) 



Wi = 5o,_6 X lo,o X 5o,6 , Ws = 5o,-6 X 1_7,5 X 57,1 
W2 = 5_7,_i X lo,o X 57,1 , Wi = 5o,6 X l7,_5 X 5_7,_i . 

Notice that the superpotentials Wi and W2 involve, in addition to two chiral superfields 
transforming into conjugates bi-fundamentals, an adjoint bulk matter singlet. The su- 
perpotentials W3 and W4 involve however only chiral matter in the bi-fundamentals. 
A typical A/" = 1 chiral superpotential that involve a Higgs like superfield H„, matter in 
the 5 and neutrino like superfields reads as follows 



^ a=l 



(6.59) 



where the XaS are coupling constants. Notice that along the matter curve in the 5o,-6 and 
57,1 representations, the bulk SU (5) x t/^ (1) gauge symmetry gets enhanced to SU (6) x 
U (1) which gets further enhanced to SU (7) at the vertices. Along the matter curve 
associated with 1_7,5, the SU (5) singularity on the surface gets enhanced to SU (5) x 
SU (2). 



6.3.2 5*0(12) enhanced singularity 

The quiver gauge diagram of the supersymmetric SU (5) GUT-type model with an 
SO (12) enhanced singularity is depicted in figure ( |T2i) . 
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S0(12) 



S0(12) 




S0(12) 



S0(12) 



Figure 12: Quiver gauge diagram for SU(5) GUT- like model with SO (12) enhanced 
gauge symmetry at the vertices. 



The chiral superfield configuration of this model reads as, 



chiral superfields 


SU (5) X t/2 (1) 


number 


Matter like $5 


5-2,-2 


4 


Matter like $10 


10o,4 


4 


Higgs like 


5-2,-2 


4 



(6.60) 



where now, we have both matter in the 5 and 10 representations as well as the Higgs H^. 
These complex superfields follow from the decomposition of the adjoint representation 
66 of the two fold enhanced SO (12) symmetry, living at the vertices of the tetrahedron, 
in terms of representations SU (5) x f/^ (1) 



(6.61) 



66 = lo,o + lo,o + 24o,o 

(52,2 + 5-2,-2) + (5-2,2 + 52,-2) + 10o,4 + 10o,-4 • 

From this decomposition, we see that one can build several tri-coupling gauge invariant 
terms; These are given by 

5-2,-2 ^ 5-2 -2 ^ 10o 4 , 



W{ = 52,2 X lo,0 X 5-2,-2 
= 10o,4 X lo,0 X IOo,-4 



= 52,2 X 52,2 X 10o,-4 



(6.62) 



Like in the SU (7) case, here also the 5*0 (12) gauge symmetry gets broken down to 
subgroups on the edges and the faces of the tetrahedron. Moreover, the superpotentials 
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Wl and W2 involve, in addition to two bi-fundamentals, an adjoint singlet while 
and involve only matter in the bi-fundamentals which is used to describe Yukawa 
couplings of GUT- like models. The Af = 1 chiral superpotential reads as follows 



where the s are coupling constants. Notice that, along the matter curves represented 
by the edges, the SU (5) x f/ (1) gauge symmetry on the surface of the tetrahedron gets 
enhanced to SO (10) x U (1) which in turns gets further enhanced to SO (12) at the 
vertices. 

6.3.3 Eq enhanced singularity 

The quiver gauge diagram of the supersymmetric SU (5) GUT- type model with an Eq 
enhanced singularity at the vertices of the tetrahedron is depicted in the figure (fT3i) . 



Figure 13: Quiver gauge diagram for SU(5) GUT- like model with Eq enhanced gauge 
symmetry at the vertices and a SU (5) model involving 5 x 10 x 10 tri-couplings. 

The quiver gauge model has the following chiral superfield spectrum: 




a=l 



(6.63) 




E, 



'B 



chiral superfields 



SU{5) X U^l) 



number 



Matter like $5 
Matter like $10 
Matter like 




4 



4 



4 



(6.64) 
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These chiral superfields follow from the decomposition of the adjoint representation 78 
of the enhanced Ee in terms of representations SU (5) x C/^ (1) namely, 



78 = lo,o + lo,o + 24o,o+ 

l5,3 + 1-5,-3 + 5-3,3 + 53,-3 + 10-1,-3 + T0l,3 + ^4,0 + TO-4,0 



(6.65) 



Prom this decomposition, we see that we can build several tri-coupling gauge invariant 
terms; these are: 



Similarly as before, the superpotentials W", W2 and W^' involve, besides two bi-fundamentals, 
an adjoint singlet while and W^' involve only matter in the bi-fundamentals. 
The M — 1 chiral superpotential describing the tri-coupling of the matter in the bi- 
fundamentals is given by W'^. Moreover, along the matter curves in the tetrahedron, 
the SU (5) X f/^ (1) gauge symmetry on the surface of the tetrahedron gets enhanced to 
SO (10) X U (1) which gets further enhanced to at the vertices. 
In the end of this section, notice that in these SU(5) GUT-type models based on tetra- 
hedron, the gauge symmetry at the vertices is of same nature. In what follows, we study 
other configurations where different gauge symmetries live at the vertices of the tetra- 
hedron. This kind of quiver gauge models requires however performing blown ups of the 
tetrahedron surface. 

7 GUT- like models on blown up Tetrahedron 

We start by giving further details on the blown up 7^ on the complex tetrahedral geom- 
etry T; in particular the blown ups by projective planes at one and two vertices of 
A^. Then, we consider the building of SU (5) GUT- type models that are embedded in 
F-theory on Calabi-Yau four-folds based on these geometries. 

7.1 More on blown ups of tetrahedron 

Starting from the non planar tetrahedral surface T with its four projective planar faces 
Sa-i its six projective line edges Xl(a5) and the four vertices P(abc), we can perform blown 
ups of the tetrahedral surface T at a finite set of points. Roughly, we distinguish: 
(1) blown ups at the four vertices of the tetrahedron A^, 



Wi' 



5-3,3 X lo,o X 53,-3 



10-1,-3 X lo,0 X 10i,3 
104,0 X lo,0 X T0_4,0 

5_3,3 X 10_i,_3 X 104,0 
53,-3 X T0i,3 X T0_4,0 



(6.66) 



66 



(2) blown ups at the edges of the tetrahedron 

(3) blown ups at a finite number of generic points of the tetrahedron. 

In what follows, we will consider the first case of these blown ups and illustrate the main 
idea by studying SU (5) GUT-type models based on Ti and T2 geometries. 

7.1.1 Blown up at a vertex 

Recall that the toric graph of the tetrahedron has four vertices P(abc) where meet 
simultaneousl}0 three projective lines S(a6), ^(ac) and S(fcc). Starting from such a graph 
and focusing on the fourth vertex P4 of the figure ( |TOl) . the blown up of this vertex P4 
by a projective plane amounts to replacing P4 by a projective plane, 

point P4 — > projective plane . (7-1) 

Since in toric geometry, a projective plane is described by a triangle, the blown up of 
the vertex P4 amounts to substitute this point by a triangle [Q1Q2Q3] as depicted in the 
figure (fnil . 




Figure 14: The toric graph representing a blown up of the tetrahedral geometry. The vertex 
P4 has been replaced by a projective plane [QaQ^Qg]- 



The resulting toric geometry of the blown up tetrahedron at a vertex by a projective 
plane, to which we shall refer below to as Ti, has five intersecting faces namely: 
(1) two complex projective planes with toric graphs given by the triangles 

[P1P2P3] , [Q1Q2Q3] , (7.2) 
^^Three projective planes meet as well at each vertex of the tetrahedron. 
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of the figure ffl^ . As we see from this figure, these triangles have no edge intersection. 
(2) three del Pezzo surfaces dPi with toric graphs given by the quadrilaterals , 



(7.3) 



Thinking about the three edges [QiQ2]i [Q2Q-i\i [QiQ-i] of the exceptional triangles 
[Q1Q2Q3] that generate the blown up of the vertex P4 as describing complex projec- 
tive lines with the Kahlei^ parameters, 



[Q1Q2] 
[Q2Q3] 
[Q1Q3] 



a 
b 
c 



(7.4) 



and considering the singular limit of the geometry f[Hj) where one or two of these pa- 
rameters are sent to zero, one recovers new "singular" topologies of blown up of the 
tetrahedron A^. For instance, putting a = 0, and 6 = c 7^ 0, the points Qi and Q2 gets 
identified, 

Qi=Q2 = Qo, (7.5) 
and so the triangle [QiQ2Q^ gets reduced to a singular hne 



[Q1Q2Q?. 



(7.6) 



Consequently, we get a degenerating blown up of the tetrahedron where the vertex P4 
is replaced by the projective line [QoQz\- The resulting geometry has three intersecting 
projective planes dPo; intersecting as well two del Pezzo surfaces dPi. Notice that in the 
special case where a = 6 = c = 0, we recover obviously the standard tetrahedron A.^-. 



7.1.2 Blown up at two vertices 

The blown up of the tetrahedron A^ at two vertices, say P3 and P4 of the figure flTU]) . 
is achieved by replacing these two points by projective planes. In toric graph language, 
this amounts to replace P3 and P4 by the triangles, 

P3 ^ [RiR2R^] , P4 ^ [^1^2^31 • (7.7) 
The toric graph of the two blown up tetrahedron is depicted in the figure (fT5|) . 



The obtained surface, denoted as 7^, has six intersecting faces namely: 

(1) two projective planes with toric graphs given by the triangles of the figure (JT5l) 

^^Notice that the projective plane has one Kahler parameter; it should not be confused with the 
auxiliary parameters a, b and c. 
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Figure 15: blown up of the tetrahedron at the two points P3 and P4 which have been 
replaced by the projective planes with toric graphs given by the triangles [R1R2R3] and 
[Q1Q2Q3] respectively. 

namely [P1P2-R3] and [Q1Q2Q3] ■ 

(2) two del Pezzo surfaces dPi with toric graphs given by the quadrilaterals [P1P2R1R2] 
and [PiP2QiQ2]- 

(3) two del Pezzo surfaces dP2 with toric graphs given by the pentagons [P1R1R3Q3Q1] 
and [P2R2R3Q3Q2]. 

Similarly as in the previous case, one can recovers new singular topologies of the blown 
tetrahedron fllSp by taking singular limits of the Kahler parameters a, b, c , e, f and 
g. The case where e = f = g = leads to the figure fll4p and the case where all these 
parameters are set to zero gives the standard tetrahedron. 

7.2 SU (5) GUT model on Ti and T2 

In this subsection, we engineer various unrealistic SU (5) GUT-type models that are 
embedded in consider F-theory on local elliptic K3 fibered Calabi Yau four- folds based 
on the surfaces Ti and 7^. We first construct GUT -type models based on Ti and then 
we build other models based on T2. 

7.2.1 SU (5) GUT type models on Ti 

The toric graph of the complex surface Ti is given by the figure f[T^ : the fix points of 
the toric action encode data on the seven brane intersections with the following features: 
(1) Ti has five faces where live the 4D J\f = I supersymmetric gauge theory with bulk 
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gauge symmetry SU (5) x U (1) x U (1) where the extra factor f/^ (1) is the toric sym- 
metry in the 2-torus in the toric surface Tj. 

(2) Ti has nine edges where locahze matter in the fundamental and antisymmetric rep- 
resentations of the SU (5) gauge symmetry. On these curves, the rank of the gauge 
invariance gets enhanced by one. 

(3) Ti has six vertices where hve tri-fields Yukawa couphngs and where the gauge sym- 
metry gets enhanced to SU (7), or SO (12) or also Eq. 

Now using the fact that at the vertices of the surface 7i, the tri- fields interactions should 
be gauge invariant under the gauge group SU (5) x U"^ (1), one can engineer various gauge 
invariant configurations; in particular the ones depicted in the figures (flGj) . 







(a) 








10 ^ 


5 1 




/io 


10^ 







Figure 16: tetrahedron models: On top models involving chiral matter in singlets, 5, 5*, 
10. On bottom SU (5) models involving 5 x 10 x 10 and 5* x 5* x 10 vertices. 

To engineer SU(5) GUT- type gauge invariant models with different Yukawa cou- 
plings, we use the following relations. 



Yukawa tri-fields couplings enhanced singularity at vertices 





§ 5 (g) 5 


^ SU (7) 




§ 5 (g) 10 


^ 50(12) 


5$ 


§ 5 (g) 10 





(7.8) 



to choose the kind of the ADE singularity one has to put in the fiber over each vertex 
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of the base surface 71 . Let us illustrate the idea by describing the examples depicted in 
the figures (fT6|) . 

The six toric vertices of Ti of the figure (fT6l-a) involves the tri-coupling 1 5 ® 5 and so 
have a SU(7) enhanced singularity. In the figure (fT6]-b). four toric vertices have a SU(7) 
singularity and the two others have a S0(12) one since the tri-couplings are given by 

5® 5 10. (7.9) 

The six toric vertices of the figure (fT6]-c) have all of them an S0(12) enhanced singular- 
ity. Using the same philosophy, four toric vertices of the figure (fT6]-d) have an S0(12) 
enhanced singularity and the two others are of type 

5® 5® 10 (7.10) 

and so are associated with an Eg singularity. Finally, all the six toric vertices of the 
figure (fT6]-f) are of Eg type while the tri- fields couplings given by the figure (fT6]-e) are 
equivalent to those of the figure (fT6] -c). 

7.2.2 SU (5) GUT type models on Ta 

The toric graph of the surface 7^ is given by the figure (|T5|l : it has: 

(1) Six toric faces where localize a 4D M = 1 supersymmetric gauge theory with 
SU (5) X f/^ (1) gauge symmetry. These faces are given by del Pezzo surfaces of dif- 
ferent types: 

(a) two isolated dP^s] each one intersects a surface dPi and two surfaces dP2-, 

(b) two intersecting dPiS, each one of these dPiS intersects a dPi and two dP2 

(c) two intersecting dPa's, each one of these rfPa's intersects the two dPg's and the two 
dPi's. 

(2) Thirteen toric edges describing the intersections of the del Pezzo surfaces. On these 
curves localize matter in the singlet, the fundamentals and the antisymmetric represen- 
tations of SU (5). For the last representations, the gauge symmetry gets enhanced either 
to SU (6) X U (1) or to SO (10) x U (1). 

(3) Eight toric vertices where live Yukawa couplings and the enhanced gauge singularity. 
Each of these vertices is associated with the intersection of three edges and it localizes 
tri- fields Yukawa coupling. 

Model I 

Now using the same approach as for the surface Ti, we can engineer various gauge 
invariant configurations. 

One of these configurations, depicted in the figure f|T7|) . involves eight Yukawa couplings: 
six Yukawa couplings of type 5 ® 5 ® 10 and two Yukawa couplings of type 5 5 (g) 10. 
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Figure 17: SU (5) GUT- type model based on the T2 geometry. This model has six 
vertices with an Eq singularity and two others with an SO (12) one. 



Yukawa couplings 


Singularity 


number of vertices 


5 O 5 (g) 10 




6 


5 O 5 (g)TO 





5 O 5 (g)TO 
5 (g) 5 O 10 


SO {12) 


2 



5 (g) 5 (g) 1 


SU{7) 






(7.11) 



An equivalent configuration is also given by the conjugate representations. 
Model II 

This SU(5) GUT- type model is the dual of the previous one. This duality is in the 
sense that six of the eight vertices have an S0(12) singularity while the two remaining 
others have an Eg one. We distinguish two class of models depending on the intersecting 
surfaces and intersecting edges. We will refer to these models as Ila and lib: 
Model Ila: In this model, the Yukawa couplings are depicted in the figure f[T5]) 
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Figure 18: SU (5) GUT- like model based on the T2 geometry; it has five Eq vertices and 
two SO (12) vertices. 

From the figure ( JTSll . we see that the vertices are as in the following table, 



Yukawa couplings 


Singularity 


number of vertices 


5 ® 5 (g) 10 




2 


5 (g) 5 (g)TO 





5 ® 5 (g)TO 
5 O 5 (g) 10 


SO {12) 


6 



5 (g 5 (g) 1 


SU{7) 






(7.12) 



We learn also that the two Eq and the six SO (12) vertices are given by the intersections 
of three del Pezzo surfaces as given below, 

6x^6 : dP}'^ n rfpf^ n dP2 , 

2x50(12) : dPo n dPi n dP2 , 

where dP^'^^ and dP^"^^ are the two del Pezzo surfaces of the blown up surface T2. 
Model lib. In this model, the configuration of the Yukawa couplings, depicted in the 
figure f|T9l) . are as in the table fl7.12p 

The two vertices with Eq singularity and the other six vertices with SO (12) singularity 
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S0{12) ^* S0{12) 



Figure 19: SU (5) GUT- like model based on the T2 geometry; it has two Eq vertices 
and six SO (12) vertices. 

are given by the following intersections, 

2x^6 : dPo n dPi'^ n dPP , 
6 X so (12) : dPo n dPi n dP2 , 

where dP2^'' and rfPg^"* stand for the two del Pezzo surfaces involved in the blown up 
tetrahedron 7^. 
Model III 

In this model, the Yukawa couplings are depicted in the figure (120|) . 
This model involves the following tri-fields interactions: 



Yukawa couplings 


Singularity 


number of vertices 


5 ® 5 (g) 10 


Eq 


5 


5 (g) 5 (g)TO 





5 (g) 5 (g)TO 
5 (g 5 (g 10 


SO (12) 


1 



5 (g 5 (g 1 


SU{7) 


2 



(7.15) 



The five vertices with an E^ singularity is given by two kinds of tri- intersection of the del 
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Pezzo surfaces. One vertex is given by the tri- intersection of a projective plane with two 
del Pezzo surfaces dP2 while the five others are given by the intersection of a projective 
line and the del Pezzo surfaces dPi and dP2: 

6 2 2 ) -^_^g 

5 X ^6 : dPo n dPi n dPs , 
Regarding the vertex with an SO (12) singularity, we have: 

1 X SO (12) : dPo n dPi n dP2 , (7.17) 
and for the two vertices with a SU (7) singularity, the tri- intersections are as follows: 

lxSf/(7) : dPo n dP^ n dP^ , 

1 X 5f/ (7) : dPo n rfPa^^^ H rfPf ^ . ^ ' ' 

8 Conclusion 

In this paper we have studied a class of 4D A/" = 1 supersymmetric quiver gauge models 
that describe gauge theory limits of 12D F-theory compactification on local tetrahe- 
dron. In these supersymmetric models; we have mainly focused on GUT-type gauge 
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symmetries in particular on the SU (5) symmetry with the S0(12), SU(7) and Eq gauge 
enhancements. These 4D gauge models should be thought of as a first step for build- 
ing non minimal supersymmetric GUT- type models along the line of the BHV theory. 
The other steps are to require the conditions for reahstic supersymmetric GUT models 
building such as GUT breaking and doublet/triplet splitting via hypercharge flux, the 
absence of bare /i term and dangerous dimension 4 proton decay operators. 
Like in BHV theory, our quiver gauge models are based on using seven branes wrapping 
4-cycles in the framework of twelve dimensional F-theory compactified on local elliptic 
K3 fibered Calabi Yau four- folds 

Y ^ X4 

i (8-1) 
S 

where now the base surface S is given by the complex tetrahedral surface T and its blown 
ups Tn- The relation between 7^ and T should be thought of in the same manner the 
del Pezzo surfaces dPn are linked to the complex projective plane. In fact, the complex 
surfaces dPn are particular sub- geometries of T^^s; a property which make these CY4- 
manifolds somehow extending the local geometry used in the BHV theory. 
The engineering of the non abelian gauge symmetry that is visible at the level of the 4D 
M = 1 supersymmetric effective GUT model is achieved through singularities in the K3 
fiber of the local CY4- folds V4. 

In the complex base surface it generally lives a non abelian rank r bulk gauge symmetry 
Gr- This gauge invariance gets enhanced on the matter curves along which seven branes 
intersect to Gr+i D G^. It gets further enhanced to Gr+2 ^ Cr+i at isolated points of S 
where matter curves meet and where live tri-fields Yukawa couplings. The three gauge 
groups satisfy the embedding property 

Gr+2 3 Gr+l X [/ (1) D GrXU{l)xU (1) . (8.2) 

In the 4D A/" = 1 supersymmetric SU (5) GUT-like models, these gauge symmetries 
should be thought of as follows 



Gr+2 


Gr+l 


Gr 


Ee, SO (12), SU{7) 


SO (10) , SU (6) 


SU{5) 



(8.3) 



The decomposition of the adjoint representation of Gr+2 in terms of representations of 
the Gr X U {1) X U (1) allows to generate chiral matter in representations other than the 
adjoint ones. In our construction, the extra abelian U {1) x U (1) gauge invariance is 
interpreted in terms of symmetries of the toric fiber of the complex base surface. Recall 
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that complex surfaces S exhibits a natural toric fibration, 



^2 



S 



(8.4) 



where is the usual fiber of the toric geometry and Bs is a real two dimension base 
which is nicely represented by a toric graph A^. In the case of the complex tetrahedral 
surface T, the corresponding toric graph is given by the tetrahedron of the figure ([I]). 
The toric fibration has remarkable shrinking features on the edges of the tetrahedron and 
at the vertices. 

Using the power of toric geometry in the complex base T and the degeneracy of its 
torus fibration, we have engineered a class of SU (5) GUT-like models based on local 
tetrahedron T and the two first elements of its blow ups family 7^. These SU (5) GUT- 
type models building extend naturally for generic 4D A/" = 1 supersymmetric quiver 
gauge theories that are embedded in F-theory on local CY4- folds based on blown ups of 
the tetrahedron; in particular for the interesting class of GUT- type models using fiipped 
SU (5) and SO (10) gauge symmetries. 

In the end of this conclusion, we would like to emphasize that our interest in GUT-type 
models buildings based on the complex tetrahedral surface and its toric blown ups has 
been motivated by a number of remarkable features; in particular the two following: 
(1) there is an intimate link between the complex tetrahedral surface and the projective 
plane dPo. The tetrahedron is precisely given by the four projective planes dPQ^\ dP^p ^ 
dP^'' and dPlf' describing the basic divisors of the complex three dimension projective 
space while its blow ups are given by a union of the del Pezzo surfaces. 
For the case of the blow up of T at a vertex by a projective plane, we have 



where the complex curves Sj^ stand for the nine edges of Ti and the six isolated points 
Pijk for its vertices. These intersections can be read from eqs fl6. 26116. 29p or directly from 
their toric graphs given by the respective figures ffTOl) and f|T^ . From this view, the 
blown ups of the tetrahedron contain several copies of del Pezzo surfaces dPn"* as special 
components on which may be engineered the BHV theory. Recall that the del Pezzo 
complex surfaces dPn play a central role in the BHV theory for F-theory GUT models 
building. These complex (iP„s are strongly linked to the projective plane since they 
are precisely given by its blown ups at eight isolated points. 




dP^^^ U dP^^^ U dP^^^ U dP^^^ U dP^^^ 
dP^'^ n dP^'^ 



(8.5) 



dPr 



— 



dR 



n 



n = 1,...,8 



(8.6) 
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(2) the special degeneracy properties of the fiber of the toric fibration of the tetrahe- 
dron T ~ X T^. The 1- cycle shrinking loci of the 2- torus fiber down allows to 
host in a natural way the engineering of the seven branes intersections along the edges. 
Moreover, the shrinking of the fiber down to zero allows to engineer Yukawa couplings 
at the vertices. 

In a future occasion, we give further refinements of this construction and seek for non 
minimal quasi-realistic F-theory-GUT models building based on local tetrahedral geom- 
etry. 
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9 Appendix 

To engineer chiral matter transforming in representations of the gauge invariance Gs 
other than the adjGs, we have two ways: either by switching on a gauge bundle E with 
structure group Hs that breaks the gauge symmetry like Gs — ^ Hs x G, or modify the 
base geometry S of the local Calabi-Yau 4- folds into a larger surface containing at least 
two intersecting 4- cycles Sa and Sf, like, 

S^SaUS, , >S„n>S6 = E„b7^0, (9.1) 

with standing for a intersecting complex curve where localize bi-fundamental matter. 
In this way the bulk gauge symmetry Gs gets broken down like Gs — >■ Gsa, x Gs^- To 
make an idea on how these deformations work, we review below the key idea behind 
these methods. 

In the case of deformation by switching on fluxes, the adjoint representation ad {Gs) 
decomposes as 



adGs^{adHs,l)^{l,adG)^ 



iPi, Ui) 



(9.2) 



where Pj and stand respectively for representations of Hs and G respectively and 
where 

dim [adGs] = dim [adHs] -\- dim [adG] + (dim x (dim Ui) . (9.3) 

i 

The switching of the bundle E induces then a deformation in the complex surface S and 
may be interpreted as splitting the winding of the bulk seven branes wrapping S into two 
intersecting stacks; one stack, to which we refer as matter brane, with gauge symmetry 
Hs and the second stack with gauge invariance G. Along the intersection of the two 
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stacks of seven branes (matter and bulk), which corresponds geometrically to a curve 
E in 5", the gauge symmetry is obviously given by G5; but outside E, the symmetry is 
Hs X G. 

The number Ni of chiral fields 0j (resp. N* of anti-chiral fields 0* ) transforming in the 
representation C/j (resp. U*) of the subgroup G is determined by the bundle- valued Euler 
characteristics, 

N.^Xsm , N*^xs{n*) (9.4) 

where TZi and TZ* denote the bundles transforming in Ui and U* respectively. On the del 
Pezzo surface dPs, the numbers and A^* are easily computed by help of the relation 

xs m^i- ^Qs.ci {n) + ^ci (7^) .ci {n) (9.5) 

where Vis denotes the canonical class of S. 

Notice that this analysis is particularly interesting when the gauge subgroup Hs is 
abelian; that is an C/^° (1) abelian subgroup of the Cartan subalgebra of Gs- In this 
case, the deformation by fluxes has a nice geometric description in terms of deforma- 
tion of of the ADE singularity. For instance, by taking as a bulk gauge symmetry 
Gs — SU {N + 1) which is described by the local geometry of the fiber 

u^ + v^ + z^'^' = (9.6) 

and which represents a bulk brane wrapping the surface N times, the switching of a C/ (1) 
gauge bundle yields the deformation 

u^ + v^ + z"" {z-t) = 0. (9.7) 

Here i is a non zero complex number behaving as z and represents a non zero vev of 
a scalar Higgs field in the adjoint. Under this deformation, the original bulk stacks 
of wrapped seven branes at z — gets split to two stacks: one at 2; = 0, with gauge 
symmetry SU (N) and the other with gauge invariance U (1) at 

z^t, teC. (9.8) 

These two stacks intersect along the curve {z — 0}r\{z — t} where gauge symmetry gets 
enhanced to SU (N + 1). 

On this particular example, which applies as well to D7 seven branes of type IIB su- 
perstring, one can also read the bi-fundamental matter by decomposing the adjoint of 
U(N + 1) ^ Us (1) X SU(N + 1), describing the gauge symmetry of (N + 1) parallel 
D7 branes, with respect to U (N) x C/s (1), 

{N+lf = iV!o © lo © iVg ® N_g , (9.9) 
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where the charge q = + 1. The charged components in this decomposition namely 
N_g and N^q describe precisely charged matter in bi-fundamentals. Notice that after 
the rotation of one D7- brane; say the a-th brane with with gauge group [/^(l), the 
bi-fundamentals N_g and N^g carry the charge (A^, —1) and {—N, +1) under the abelian 
group Us (l) X f/a (1). Comparing with eq fl9.9p . we find that f/s (1) should be identified 
with the specific linear combination 

= gs - Qa (9.10) 

In the second case, we consider F-theory on a local CY four-folds with base surface (19.11) 
consisting of at least two components surfaces Sa and Si, with non trivial intersection 
along a complex curve SaHSb = T^ab- So the seven branes wrapping the respective surfaces 
Sa and Sb intersect in a six- dimensional space M}'^ x T,ab- Along T,ab, the singularity in 
the fiber gets enhanced to Gsai, with new bi-fundamental matter localized on the curve 
Tiab determined by decomposing adG-E^^^ with respect to the representation of the bulk 
gauge symmetries G^^ x G^^, that is 



adGj:= {adG^^,l) (l,adG^^^ 



(9.11) 



where (U^,U^) determine the bi-fundamentals under which matter on T,ab transform. 
Notice the two following features: 

(a) there is a strong link between the flux deformation of the base geometry of the 
Calabi-Yau four-fold and the use of intersecting 4-cycles. Indeed, by setting Gs^ = Gs 
and Gs^ = Hs, the description using intersecting 4-cycles Sa and Sb may be viewed as 
having a complex surface Sa = S together with a gauge bundle E with structure group 
Hs. 

(b) the intersecting 4-cycles construction and the deformation by fluxes may be combined 
altogether. By switching on U (1)- gauge bundles and Cb on the surfaces Sa and Sb, 
the respective gauge symmetries Gs^ and Gs^ get broken down to subgroups as shown 
below 

Gs. — G^xUail) , 

Gs, G.xUbil) . 

This breaking leads to a further decomposition of the bi-fundamental representations 
(U^,lAf). For a given representation in eq fl9.1ip . we have the typical decompo- 

sition 

{U\U') = {r],r^q.^q. - (r„r,)^^,,^^. (9.13) 
j j 

where (g^, q^) are Ua (1) x Ub{l) charges while and are representations of G^ and 
G, respectively. Moreover, following [321 ESj [35], the number N(^rj,rj) of zero modes 
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transforming in the representation {Tj^Vj)^^ is given by the bundle co homology 

^(-..^-.),,,., = ® ® Is) , (9.14) 

where CAt. and CAy, are the restriction of the of the bundles Ca and £5 to the curve S. 
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